
Personal Calculator Algorithms II: 
Trigonometric Functions 
A detailed explanation of the algOl"ithms used by HP 
hand-held calculators 10 compute sine, cosine, and 
tangent. 

by William E. Egbert 

B £GINNING WITH THE HP·35.'··.1I HP per.rona] 
calcu lators have used enenli.Uy rhe same aI_ 

gorilhms for compuHng tomp l"" mathematical func­
tions in their BCD (bioory-<:oded dedrnalJ micro­
proxessoro . While improvements ha ve b&en made in 
newe< calculators,> the changes have affected primarily 
speci.1 cases and not the fundamental algorithms. 

Thi •• rticle is the second of a seties lhat examines 
the.e algorithm. and thei r imp1ementation. Each 
3r!icle will present in detail th e methods used to 
implement. COmmon mathematical funClion. For 
simplicity. rigorous proofs will not be given, and 
special ca ... other th.n th""" of particular intel".1 
will be omitted. 

Although lailored for efficiency Within the environ_ 
ment of a .p""'.l_pu ,p,,.~ lieD "'i~rul'r......, .. ur _ the 
ba.ic mathematical equalions ond the lochnique$ 
u.ed to transform and implemen! them .~ applicable 
to a wide range of computi ng problem. and device. , 

The Tri!lO"ome1ri<: FunCtion AlgOrithm 
This article will di.cuss the method of generating 

s ine. cosine. and tangent To minimize program 
length. a single function. tan 6. i. generated first . 
Once Ian 6 Is calcu lated .• in /I i. found by Ihe form ula 

• in /I -
~t.n /I 

V l+1an'8 

It lurn. out (a< will be explain&<! later) that oot /I can 
ea,ily be generated while generaling tan 8, Then coo /I 
i, calcu lated using Ihe formula 

<Xl' 8 -
:!:cot 8 

VI +<Xlt'9 

n ca n be seen that these formula. a", identical. ex­
cept for the contangent "'placing the tangent Thus 
th e same routine can solve for either ,ine or c(>$ine 
depending on whether th . argument is langenl or 
cotangent 

S .. linll 
Since 8and 8 + n[360") yield identical IrigonometrlC 

functions, every angular .rgumenl i. re."lved 10 • 

pnsi ti ve angle between O· and 360". For reason, to be 
explained later. a ll calculati oM a •• urne angle. e~­
pre"ed in radians . An angle in degree. I. first con ­
verted to rad ion. by ; 

8" •• 8 . .. x "'180. 

Ansi"" expressed In grads .re also convened using 
the appropriate scale fador. 

Once /I is In radions. 27f is subtraCted repeatedly 
from 161 unUl th e absolute remainder i. betw,,"n 0 
ond ~ ... F"r lorge .nsle •• hi> would t~k. 4 long lim • . 
In such cases 2".x 10" can be subtracted in a prone ... 
similar to division , Suppose an 8ngle /I is expressed 
in scientific notation (e.g .. 8.5x 10') , 2". x 10" , or 6.28 ... 
xl0". is then repeatedly .ubtrOCled from 8 unlil 
the ",.ul! be<:<Jmes negalive (underflow). Th us 6.26 .. 
x 10' is subtraCled from 8.sx 1 0' twice and underflow 
occurs. 6,28 .. . xl0' is Ihen added 10 the negalive re­
mainder to give. number betw .... n 0 and 2". x 10', in 
this case 2. 2 x 10'. The remainder is express&<! now as 
nXI()' and Ihe prOCOlS. is repeated, this time sub­
lracting 2"Xl0', Wi th this meth od. large angles are 
qu ickly resolved . 

The problem with Ihis .caling process i, that in cur­
rem computers nllmbe,.,. can be expressed only to a 
Bmlted number of digits. so 2" and therefo", 2". x 1 O· 
cann"t be exp ..... ed exaclly. Error C""'Pi in with 
each shift "fthe remainder, Thus. the l.rger the a ngle. 
Ihe fewer significant digiU remain in the scaled re· 
su i!. A rule "f thumb for r"ugh estimates i. that for 
each cou nt in the exponent. "ne digit of accuracy 
will be lost. For example , 5x 10' when scaled will 
lose five digil' of accuracy. 

A negalive .rgument is trealed lhe same as a posi­
live number until Ihe end. when the scaling rouline 
relurns a number belween 0 and -2"., Then 2" is 
added to the negative result. giving again a number 
betw,,"n 0 and 2". This addiUon of 21f causes a digil 



to be lost, whi~h ,.sulls in osymmet ry such as 
cos(66'),. taS(-56') . Newer calculators obviate this 
problem by sca ling to a number between 0 and ,,/4. 

Veetor Rotation 
An angle tan be expressed • • a vector hoving X 

and Y components and a resullanl R (see Pig. I). 
[f R is the unit vector. Ihen X- cos 1/ and V_ sin 8. 
However. regard less ollhe [eo gIlt of R. YIX .. tan 6 and 
XIV-cot 9. This holds true for all valuu o f II 
from 0 to 211'. Thus. if some w.y could be found 
10 gen"'"t. X ond Y for " given 9. an the trigonometric 
functions could be round . 

In vector geometry a useful formula «Isults when 
One rotates a veelor througb a given angle. Let 
uS suppose we h.ve a vector whose angle is 6,. 
and we know its compo nents X, and Y, (s" Fig. 2). 
The X, and Y, lhat result when the vector i. rot.ted 
on addilional angle 6, are given by' 

X, " X, cos 9, - Y, sin 11, 

Y, - Y, cos 11, + X, ,in 8, 

Dividing both sides of these equations by COS 6, 
give" 

~ - X, -y,l.n8, .. X,· 
cn. ~, 

1'1 

Note Ih.t X, and Y,·. while not the true va[ue$ of X, 
and Y •. both dilfer by Ih. sam. factor. co. 9,. Thus 
Y,'IX,' _ Y,IX,. From Fig. 2 it i, plain that Ihe qu o­
tient Y,'IX, ' is equ.[ to tan (6, + 8,). Thus the tan. 
gt'nt of a large ongle can be found by manipulating 
smaJlec "ngles whose sum equols th large one. Re· 
lurning to equation 1 above. it can be seen th.t to 
generate X,' and Y,' . X, and Y, need to be multiplied 

• 
• 

" 
, 

• • 

' '0. ,. 

• 

• '. 

F'O.:I. 

by tan 9, and .dded or sublracted a. needed . If 9, is 
chosen .0 that t.n 9, i. a si mpl e powe, of 10 
(i.e .. 1. 0.1. 0.01 .... ) then the multiplications simply 
.mount to shifting X, and Y,. Thus to gener.te X; 
ond Y,·. only a shift and a n add Or subtract are needed. 

P .... do-OIYlllon 
The tangent of 9 i. found 0$ fol lows. Pil$l 6 is 

diVided into a sum of smalle, angles who ... tangents 
ore powers of 10. The angles are tan-' (1) _ 4~·. 

t8n-' (0.1) .. 5.7".t8n- ' (0 .01) " 0.57". tan - ' (0.0011 
- 0.051". tan - ' (0.0001) - 0.0057' .• nd so on. 
This process is called pseudo-division. First. 45" Is 
.ub,,"ued hom ~ ull,ll o.~rur.n. ~~~pi"8 1<ack of 
the number of subuaction •. Th. remainder is restored 
by adding 45". Then 5.7" I. nlpeatedly .ubtracted. again 
keeping track of the number of .ubuactlons. This pra­
cess i. repeated with smaller and smaHer angl ... 
Thus : 

8 .. <lo tan - , (1) + q, tan -, (0. I) +'1, tan - , (0-01) .. +r 

The coefficients qJ refer to the number of .ubtraction. 
possible in e.ch decade. Each q, is equal to or Ie .. 
lhan 10. so it can be stored in a single rour·bit digit. 

Thi, process of pseudo·division is one reason Ih.t 
all the trigonometric functions are done in radians. 
For accuracy. t.n - '(IO-~ needs to be e~pre .. ed 10 
len digits. In degr ...... these consta nts are random d igiU 
and reqnire considerable ROM (read·only memory) 
space to store. Howe'·.r. in radian •. they become. for 
the most part. nines followed by sixe •. Because of this, 
they can be generated arithmetically. thus using 
fewer ROM <tate •. Also. in radio",. ton - ' (1) _ "'4. 
which is needed anyway 10 gener.te If . The problem 
with using radians is thalsinca " is an irrational num. 
be,. scaling errors occur as discussed earlier. This 
meano cardinal points do not give ""act an.wers. Por 
example. sin (120") " 0 when calcul.t,"" this way 
but rathe, 4x l 0- o. See reference 3 for a discussion 
cr'his pOi nt. 



So far. a pS8udQ-quotient ha. been genetated that 
represents the divi.ion of Ihe given angle 6 inlo 
smaller ansh" whose tangent. "'" power. of 10. In 
many flP calculators Ihe p.eudo-quotient i. five 
hexadecimal digits long. Each dig;t reptesents one 
_i"" of .ubtraclions and is. number f,om 0 to 10. 
For ""ample, if 0 were 359.9999'. the pseudo.quotient 
would be 77877. repre.enting 6 _ 7Ian-'(1) 
+ 7IOn-'10,il + 8tan-'(0 ,Oil + ?tan - '(O,OOl) 
+ 7tan-'(0,0001). Ther. may also be a remainder r. 
which is Ihe angle remaining after the prev;ous par­
lial quotienl sublractions hove ta ken place. 

Tan 9 can now be found using lhe vector ro!alion 
proceu discussed "'rllllT. 

P .... d".Muttlptlc~llon 

To use equation 1 we need an initial X, and Y,. 
Th ..... correspond to Ihe X and Y of the re.idual 
angle r discussed previously. This angle is ,mall 
(les. then 0.001°). and for .mall angles In radians, 
.in 9 • 8 (anolher reasOn to use radian. in. tead of 
degrees) , Thus, 10 good accuracy, Ihe Initial Y, can 
be sello Ihe residual angle , and Ihe in ihal X, sel to I, 
Equation 1 ca n now be repealedly applied. where 8, 
i. the angle whose tangent Is 10- 1. Each time equa. 
tion 1 i, .pplied, a new X, ond Y, ore general.d, i. ... 
X, and y., Th. number of time. e<Juatlon I i. 
applied is del ... mined by the cou nt in the pseudo-­
quot,ent digit lor that 9 _ Thu. if the original ang le 
had, 3 in the pseudo.quotienl digit co,re'ponding to 
tan- 'O. 1. or 5. 7" , equation 1 would be opplied Ihree 
limes with X, ond Y, being .hifted one place right 
for Uln (tan - '0.1) before the addition or subtraction , 
In thi. manner, new X, and Y, ali! formed os Ihe vec­
tor is I'(llaled Ihe amount corresponding 10 the count 
in the pseudO.quolienl digi1S which, of course, sum 
10 Ihe original angle 9. 

Equalion I .hows Ihal 10 generate X, requires a 
shift of Y, and. subtraction from X,. Likewise Y, 
requires •• hift of X, and an addition to Y,_ To imple­
ment this would ,"quire eilhet two exIra regislers to 
hold the.hifted values of X, and Y" or else shifting 
one ,egiiler Iwice and Ihe olhet on~e_ It would be 
desirable to shift only one regiSler OnCO. Happily, 
this is possible. Consider the following: Let Y _ 123 
and X . 456, Suppose wewanl Y +(X XO,OI). Thiscan 
be oblOined by keeping the de<:imal points in Ihe 
!arne places and shifting X Iwo places ,ighl. 

Now suppose InSlead of shifting X two place. lighl, 
we mu ltipl y Y by I()() , shifting it two places left, 
What happen.t 

12300 

The digits in both anSwers .re exactly the . ame. The 
only difference belween the Iwo is Ihat Ihe .econd 
answer is 100 lime. the correC1 value, which Is the 
.ome value by which Y w", multiplied befo.e the 
add ition, Thus 10 avoid shifting X, Y must be multi_ 
plied by loi, 

Expanding this melhod to Ihe pl'(lblem a l hand abo 
helps us .olve another pl'(lblem. thai of accuracy_ 
During pseud".d ivision, Ihe angle 9 is ,,,solved until 
I small angle r i. left as the original Y va lue. Since 
Ihi.;s done in fi~ ed point .rithmetic, zen> digi" .re 
gMetoted following the de<:imal poinl (e_g_ . . 00 123). 

Since zero digits do not co nvey information e"cept 
10 indicale Ih" de<:imal point, Ihe remainder is shifted 
l.ft one place (multiplied by 10) during each decade 
of pseudo--division_ Thi. preserves on e" tra digit of 
accuracy with each dec.ade. The final remainde, is 
equal to ,xt(l" if Ihe p,eudo--quotienl is five digits 
long. 

To demonstral e mathemati cally the implementa· 
tion that requires only a Single register .hift, return 
10 equation 1 and replace tan 9. by 10-1. Thi. substi· 
lution is legal because 9, • tan- ' (10-1), where j is 
Ihe decade diSli . 

X,'. X ,_Y,~10 -t 

y, . Y,+ X,><tO- 1 
I"~ 

Now let Z • Y, ~ 10' , or Y, _ ZxIO-1 SubSiitutlns 
in equalion 2, 

X,' K X, - Z)(tO- ' 1 y, . Z~IO-I+X,x t O- 1 

Multiplying Ihe second equation by loi giv .. , 
Y,xtOJ . Z+ X, 
The left·hand .ide lY,· x I O~ i. in Ihe correct form 

10 be the new Z fOJ Ihe nexi iteration, Thus fot each 
iteration within a decade ; 

X,' _ X,-ZxlO- tj 
Y,'xlol. Z+X, 
X, become. Ihe new X, 
Y,'x loi becomes the new Z 

1" 

Since Ihe shifted ,emalnder (,xl0') is des ired as Z 
fot Ihe fi ... 1 iteralion. the origina l j ls ~ . 

To implemenl equation 3, X, and Z .te S10~d in 
two regi.t .... , ZXI0 - ' 1 is formed and slo~d In 0 Ihird 
register_ X, 1$ added to Z to fo,m Ih. new Z. Thi. 
leaves X, undislurbed so that ZXlO-tj can be sub­
tracted from II to form the new X, . 

This implementalion save. extr. shifts a nd In· 
c~a,es accuracy by removing leading zero> in Z_ 
The only register .hifled is Z. 



After equaUon 3 has been applied the number 01 
t,mes Indiated by On8 pseudo·quoUent digi t. Z ., 
. hift ... 'iaht one plate. ond a new pseudD-quotient 
diaili. fetched. Thl$ in effect cre.t" Y I >< I oi • .,here i 
;. one 1_ tbln before. Aglln eq ... tlon 3 II applied. 
and the procnl il repeated un til , II five pseudo. 
quot l.nt dil'tl ha ve been ""hau.ted, The telult i •• n 
X and a V th.t I re proportional to the co.l ne and .ine 
of the .ngle 6. Becou.e the fin8111 1 ~erO . the finol Y 
l- ZJ "correctly Donnalind with .... poet to X. 

So far. then. I n X and a V have been gener.led by I 
p ... udo-multiply operation cOnl;'Un. oI.hift. and 
aodd,t!on,. If tin 9 ;'required. VIX 1.8.n ... t .... which 
I.th conK{ answer. for lin I. V/X il calculated. Ind 
IOf <:<» f , XIV if calculated. Tben either XIV or YIX il 
operated on by Ihe routine described at the bqinninl 
of thio .. tlele. The only diffeance betw""" the com· 
pul.lIon 1o. ,in 9 and th.r for COf' II whether X and 
V "e e>Cchang8d. 

In lumInary, the computltlon of tr,gonometric 
function, pr()C(l8ds as followo: 

I. Scal, the in put .ngle to a number in rad'an. 
belween 0 and 2". 

2 . U.in. the pleudo·divi.ion proce .. divide 
Ihe ICI led number ln lo .roupo of selected 
' ..... lIer an.I .... 

3. With the p£"udo.multiply p,- 01 equation 3 
appl,ed once for each Inale .... ulting from the 
dlvl.lon of the tnput Ifjument. I,,"erate an X 
and I V th~l l '" proponlonal lo the l ine ond co. 

.Ine of the Input angle. 
4, Wllh X and V. compute the reqUired fU<>CIion 

",In. elemenlary op .... tlon,. 
~. Round .nd dl,pl.y the . n,wer . 

The coolcul.!or i, now .e .... y for .notber operalion .2 
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