
Personal Calculator Algorithms I: 
Square Roots 
A detailed description of the algorithm used in Hewletr­
Packard hand·held calculators 10 compute square roots. 

by WIIII.m E. Egbert 

B EGINNING WITH THE HP·35,' ·· all HP personal 
calcul.!o"" have used essentially the ""me 01 · 

gorHhms for computing complex mathema tical func­
lions in their BCD (binary_coded decimal) micro­
processo ... Whlle impt<:l\'emenl. have been mad" in 
newer calculato ... ' the changes have affected primarily 
special cases and not the fundamental algorithm •. 

Thl •• ,tide is the first of • series tha, examines 
thes e algori thms and their implementation. Each 
,mlde will prmenl in detail the method. used to 
implement" commOn rnathemaUCIOI funeUon. For 
simplicity. rigorous proofs will nOl be given, and 
speel.l ca.e. other than those of particular interest 
will be omiued, 

Although Ililored for efficiency within the en,·lron· 
ment of a tpedal·purpo$l! BCD microproceSS<lr. the 
b<o.l~ """ hem. tlcal equallon. a nd the techntque. 
used 10 Irandorm .nd implemenllhem are applicable 
10 a wide range of computing problem. and device •. 

Tho Squ.", Root .Igorlt~m 
Thi. article will dio.cussthe algOrlthm .nd methods 

used to implement the square root function, 
The eore of the square rool algorithm is • simple 

approximation technique toitored to be efficienl 
u,ing the Instruction tel of a BCD procenor. The tech. 
nique is as follows: 

"Vi is desired 
I. Guess an on.wer 0 
2. Generate a' 
3. FindR"x -a' 
4. If the magnlludeof R is sufficiently .mall.a .. Vi. 
~. If R i. a po.ilive number. a i. too small , 

If R i •• negative number." is too big. 
6. Depending on the re.ult of step 5. modifyo and 

NHurn to $lap 2. 
The magnitude of R will progres.ively decrea,. until 
the de'i",d accuracy is r •• ched, 

This procedure i. only a rough outline of Ihe actual 
oqua", rool routine u.ed. The first ",finemenl i. 
to avoid having 10 find ,,' and x-a' each time D i. 
changed. Thi. i. done by finding" One decade at • 
time. In other words. find Ihe hundreds digit of ". 
then the tens digit, the units digit. and .0 on, Once 

the bUlldreds digit I. found. It it squ.red and sui). 
tracted from ~ . ond the ten. digit is fOUlld, Thif PNl­
ce.s. however. is not exactly straightforward , so some 
algebra i. in order. 

The following definitions will be used: 
~ _ the number whose oquare root is desired 
a .. rna$! significant digitI') of Vx previously 

computed 
b _ the noxt digit of Vx to b. found 
j .. the power of 10 a.socl8ted with b 
R." x-a'. the current remainder 
01 - the new D when digit b is added in ils 

properl'laCfl,a l - a+(bxlO~ (t) 
R~ - the portion of remainder R. that would be 

removed by adding b to D. R. - 01-0' (2) 
For example. let x .. 54756. Then Vi .. 234. 

Let 0 - 200. 
b .. Ihe digit we a", seel ing (3. in this case) 
j .. 1 (the 10'S digit is being compuled) 
R . .. 54756 -(200)' '' 14756. 

Note that 01 and R. will vary with the choice of b. 
The process of finding Vi one decade at a time 

approaches Ihe value of Vi from below, That is. at 
any poinl in IbecompUialion.o .. Vi, Consequently. 
R. ;0. 0. 

With this in mind it is easy to $l!e that for ony 
decade j , the volue ofb is the lor8est p .... ibledigit so 
that 

R ... R • . 1" 
Using equations I and 2 we have 

R. - 1a+(bxlolJ]' - 0'. 
Expanding and simplifying, 

R . .. 2.ob~lot +(bxlo')'. ,., 
Inserilng (~ ) into (3) yield. the following rule for 
find ing digit b , 

Digit b is the largest possible digit.o Ihat 
2obxlOl+(b xl0~' '' R . (~) 

When tbe digillh.t utlsfie, equation 5 i. found. a 
new a i. formed by odding b x 101 to the old o. the 
decade counter (jJ i. decremented by 1. and. new 
R. is c",ated: the new R. i. the old R. minus R •. 



Continuing the previous ."ample. 
" - 54756 
i - I 

x-o' _ H. _ 14756 
Applying equation 5 to find b: 

, , , , , 
0 

" .. 
lab" IO' -t(b" 10~' , 

.. 00 
MOO 

"'" 17600 

H.-Rb 

147~6 

10656 

~" 
1656 

- 2644 

Thu, b"3. since b_4 Cau.es ov.rdraft. Le .. 
H,-H. < 0. The new o _ 2oo-t3"10'_Z30. The new 
R, _ 18SS. the new i_II, With Ih .... new parameters, 
the units digi t can be found. 

This process may soom vaguely familiar. which. is 
not surprising since upon clos. inspection It turns 
out to be the (usually forgotten) scheme taught in 
grade school tofind squo re roots longhand. Of course. 
trailing zeros and digits are not written in th e long­
hand .cheme. 

To make thl' process effic!ent fa' a calculator. still 
another r.linemenl I. needed, 

(1:>"loi)' can be expressed as a series. usi ng the 
fact th.t the square of an integer b i. equal to the su m 
of the firs t b odd integers. Thus, 

(1:>xl0~' - b' x 10'1 , 
_ ~ (2i - I)"10'1 ,., 

For example, 

13xloll' _ lxl02i -t3x lo'J +5~lO>I 

- 9~ 10'1 

Thus 2ab" loI+(b "lOll' can be e"pr.ned a.: 

. , 
, 

lab x IOt ... (b"10~' " ~ 2oxI0'+(21 - 1) ><10'1 
i _ I 

, 
R. - I20><II)1+(2i-I)><10,j (6) 

i_ I 

Now come,. key transformatioo In the ,quare .oat 
routine. It was shown e.rlier how inequality 3 wHl 

gi,·. the value b for th e next digit of o. Since multi· 
plying both .ides of an inequality by a positive can· 
$Iant doe. not change the inequality. equations 3 and 
6 can be multipHed by th. number 5. 

b 
~. - ~ 100><10I"'(10i-51"IO'1 ,., '" 

b beoomes th.large.t dlsit so that ~."'5R.. , The new 
~ il equal to the old ~. minus 5fI •. 

Tbe,e transforma tion. may seem useless until we 
examine" few examples of the last te.m of the .iSh~ 
. !de of (7) for various value. of b. 

1ill x I 01 "'05 . 10". b - I 
lill " 101 ... IS" 10'1. b - 2 
lill x 101-<-25 . 10'1, b - 3 

Notice that the two-digit coeffiCient of 10'1 coo­
.ists of (b-Il and a 5, The.e two digit. will be ex­
pressed as (b-11 15 in .ucceeding equation •. IIXl Is 
formed by a .imple rlSht .hift and doe. not change 
between term •. If th e sum defined in equation 7. a. 
b is incremented by 1. is subtracted from ~. until 
overdraft occurs. the di ~ it in the next-ta-Iast dilli\ 
pOlition is b. Bes! of all. it is in the exact posi­
tion to form the next d igit of a without funher ma­
nipulation , Redoing the previous example may help 
clarify maUe ... 

R. _ 14756 
j • , 
• • '" ", ' 73780 

b lill x 101"'(1:> -Il l ~ x 1 0'1 511.- 511~ , 20500 Sn80 , 21500 31780 , ,,~ 9280 new 511. 
0 23500 - 14220 overdraft 

new "alue of a 
digits 

Notice that when overdraft OCcurs the new value of 
a is already created and the new value of SR, Can be 
found by restoring Ihe previOUS remainder. 

Decrementing the value of i would cause, in effect . 
(Iill ~ 1(1) to.hift right one place. and (b-llls" 10'1 to 
shift right two places. The result il that the final 5 
shill. one place to the rlghl to make room for" new 
digit. Continuing with the $ame example. 

511. _ 9280 

" _ 230 , .. 



b 101 " \04-(b - II I S" 10 '1 5/1. - 51'1 , , 2305 6975 , 2315 , .. , , 2325 2335 , 2335 • remainder , 2JoIS - 2345 overdraft 
final" _ \IX 

for eas .. of understanding . the precWlng 8XlIrnpie 
treated a larg" positive number." number In the c.l. 
c ul.tor actually consist.< of a mantina between 1 and 
10 and In exponent. The problem i. to find the $quare 
root of both parl< "I this .rgumen!. Happily , if the 
input exponent i . on even number, the pol1lon of the 
answer resulting from it turns oUl to be the exponent 
oflhe final answer . nd is simply the input exponent 
divid ed by 2. Thus 10 find Vi. Ihe exponent oh is 
firs! made even and the mantissa shifted to keep the 
number Ihe same. The exponenl of Vx i. found by 
dividing Ih" corrected Input exponent by 2. The 
method described above i. then ul ed to find the 
$quare root of the shifted input manUul.. which (lfter 
possibly being shifted) can be between I and 100. The 
result willlhen be betwoon I and 10. which ts the 
range re<juired for the mantissa of 'iX. 

During the process of finding 'iX the remolnder 
R. prosrenlvely decreeses. To av.,id I."ing occu­
racy. this remainder is rnultlpll&<i by 101 after finding 
e.ch new digit b. This .vold. shifting 0 at .n. once 
Ihe oquare roo! exuaction process begin •. A 12-digit 
mantissa Is generated. which in.u", • • ccuracy t., 
:!; 1 in the tenth digit.,f the m.nti ••• .,r \/X. 

In .ummary, the oomput.!ion .,f Vi< proceed, as 
f.,n.,wI: 

1 Generate "x~nenl .,f answer, 
Z, Multiply m.nli .... by s to creale original 511

0 

3. With an .,rigin.l a of G. u •• the melhod de­
scribed 8bav8 t., find 12 b digit . to form the 
m.ntina of the answer. 

4. Round the mantl.n l nd auach Ihe exponent 
found previously. 

5, Display the an.wer. 
The calcula!or is nnw ready lor .nnther nper.lion . ii 
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