Printing Financial Calculator Sets New
Standards for Accuracy and Capability

This briefcase-portable calculator has several new functions
and is exceptionally easy to use. Most important, the user
need not be concerned about questions of accuracy or

operating fimits.

by Roy E. Martin

EWLETT-PACKARD INTRODUCED its first

financial calculator, the HP-80, in 1973.' The
HP-80 was followed, although never replaced, by the
HP-81, the HP-70, the HP-22 2 and the HP-27.

The new HP-92 Financial Calculator, Fig. 1, while
superficially similar in many respects to these units,
vastly exceeds all of them in functional capability
and accuracy. Originally conceived as a briefcase-
portable printing calculator packaged like the HP-913
and the HP-97* and having the financial capabilities
of the HP-22, the HP-92 in reality goes far beyond this
modest goal. Among its features are:

s Compound interest keys redefined to enhance
capability and ease of use

= A printed amortization schedule, correctly rounded
and clearly labeled

s Internal rate of return (IRR) that allows the user to
enter up to 31 cash flows with arbitrary positive
and negative values

s The greatest accuracy ever achieved in any HP
financial calculator

s Calendar functions with a range of 900,000 days
[approximately 2464 years)

s Bond and note functions that conform to Securities
Industry Association equationss

s Three types of depreciation that can be done
after entering data only once

s Means, standard deviations, and linear regression

for two variables.

New Compound Interest Keys
The cornerstone of the HP-80 and all subsequent
HP financial calculators is the row of compound in-
terest keys:n i PV PMT FV
n = number of compounding periods
i = percent interest per period
PV, PMT, FV specify the cash values in various
problems (PV = present value; PMT = payment;
Fv = future or final value).
These keys allow the user to solve for an unknown
value by first placing known values in the calculator
and then pressing the key corresponding to the

unknown.
Example: Find the monthly payment due on a
36-month, 12%, $3000 loan.

Kevstrokes
These keystrokes 36 n
place the known 1 i [12% annual is 1% per month)
values into the 3000 PY
calculator
Then press: PMT

Answer displayed: 99.64 Monthly Payment

This sequence of keystrokes will solve this problem
on all previous HP financial calculators.”

The compound interest keys solve three types of
problems, based on the following three equations. (In
these and subsequent equations, i is a decimal frac-
tion, e.g., 0.05 for five percent.)

FV = PV[1+i)" Compound Amount
PV = PMT[1-(1+i)")i Loan
FV = PMT[(1+i)" 1] Sinking Fund

Each of these equations has four variables. As long
as three of the four variables are known [n or i must
be one of the three knowns) a user can solve for an
unknown,

Because there are three distinct equations and only
one set of keys, it is necessary to specify which equa-
tion is involved. This is done automatically through
the use of status bits (flags). Internally, status bits are
set when values associated with n, i, PV, PMT, FV are
keyed into the calculator. As soon as three status bits
are set, the equation is specified and a value can be
computed.

On the HP-80, known values are pushed onto the
stack and then lost when a value is computed, requir-
ing the reentry of data on every new computation.
The HP-70, HP-22, and HP-27 have separate registers
to hold the financial values but require special func-
tions to clear the status bits.

"The HP-2T regeires the use of @ shifl ey bul is feedamentaly the same.



Fig. 1. HP-92 Investor 15 a finan-
cigl panling calcwiaior with supe-
rior accuracy and capability. Key-
board is designed to prompl the
user, making many problam solu-
tians obvious even without a
marnial.

This design, although creatively conceived and
cleanly implemented, is inconvenient for chained
calculations. Also, an important class of problems,
loans with a balance, cannot be solved without tedious
iteration by the user.

The same keys, n, i, PV, PMT, FV, were to be on the
HP-92, However, we wanted to improve and simplify
their use. The most attractive alternative came in the
form of a more general equation:

PV (1+i)" + PMT [(1+i)"~1]fi + FV = 0.

The three equations in previous calculators are all
special cases of this one, up to a sign change. The
basic premise in this equation and a major difference
between the HP-92 and other financial calculators
is that money paid out is considered negative and
money received is considered positive.
Implemented in the HP-92, this equation allows
free-format problem solving, letting the user change
any variable at any time or solve for any value at any
time. It also increases the functional capability of the
calculator to include loans with a balance, fixes the
roles of PV, PMT, and FV, making them easier to ex-
plain, reduces the number of equations from three to
one, and eliminates the need for status bits—the data
in the calculator determines the problem to be solved.
In the early stages of the project, the new com-
pound interest equation was simulated, The increase
in capability and simplicity was substantial. Within
minutes, inexperienced people could understand the

concept and apply the keys to problems formerly con-
sidered too complicated to solve. Naturally, we were
pleased. The new calculator would be more capable
than earlier designs and easier to use as well, But our
satisfaction was short-lived, for it turned out that here,

1)

Fig. 2. Newton's method is used by the HP-92 to solve com-
pound interest problems. Starting from some point iy on the
gragh of an equation, the goalis to find the root of the equation,
or the pont where the graph crosses the axis. Drawing a
tangent fne to the graph at iy, and finding where ifhis line
crosses he axis gives a second pont i, This process is
repeated to find iy, i and 50 on, until a point is reached that is
cloge enough to where f=0. iy is called the initial guess.
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Fig. 3. Equations used in previous HP financial calculalors
have favorable graph shapes (the one shown is ypical), so
that starling from any initial guess i, the steps taken by
Newtan's method are always loward the rool,

as usual, nothing is free,

The numerical analysis used in solving the three
equations in the HP-80 had been formidable. Yet the
accuracy and reliability of the algorithms was border-
line and their performance deteriorated unaccept-
ably when they were applied to the new more gen-
eral equation. The most difficult problem was solving
for i in the compound interest problems. Internally,
this involves the microprogrammed application of
Newton's method in the solution of polynomial equa-
tions (see Fig, 2],

Newton’s method requires an initial guess, iy,
at the root of f{i)=0. Subsequent values are produced
using

until |iy-i,.,| < required error limit. Basically, we
slide down the graph of f(i) sawtoothing into the
solution,

Three factors that affect the use of Newton's method
are the shape of the graph, the accuracy of evaluation

.

of the function (i) and its derivative, and the quality
of the initial guess. For certain graphs any reasonable
initial guess will produce convergence to the correct
answer, This was the case with the equations solved
by previous HP financial caleulatars (see Fig. 3).

Inaccuracy in evaluation of the function and its
derivative can cause various problems. For example,
a small error can cause the iteration to step in the
wrong direction, say to the previous point, resulting
in an infinite loop. Worse yet, it can produce a wrong
answer. The new more general equation was more
sensitive than the old to round-off errors, and intro-
duced another difficulty not encountered before.

The guality of the initial guess became a critical
issue. Unless the initial guess was good enough, New-
ton’s method would fail (see Fig. 4). With this in
mind, we implemented several transformations to
change the shapes of the graphs in an attempt to make
Newton's iteration less sensitive to poor first guesses.
We also carried extra digits and programmed numeri-
cally stable formulas to diminish the impact of round-
ing errors on the accuracy of intermediate calcula-
tions.

But our work was far from done. Even with the
transformations and increased accuracy, initial gues-
ses in error by less than 19% proved inadequate, be-
cause convergence was too slow when n was large.

After four months of careful examination and simu-
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Fig. 4. Modified equation used in HP-92 enhances ease of
use, butis more difficult bo solve, Shape of graph is such thar
some initial guesses will cause Newlon's method to step away
from the root. To prevent this a strategy was developed that
produces irtial guesses accurale lo five decimal places,



Using the o, . PY, PMT, Fv Keys

Corresponding 10 each of these keys is a storage register. Toput a value
in the storage register, just key in the value and than press the approp-
riate key, Money paid oul is represented as negalive and money re-
coniid is represented as positiva.

Problem:

1. W you deposit $10,000in a lund that pays 7.75% annual rate, how
misch could you withdraw 12 years later?

H, in addition, you deposit 51000 each yéar thirealier, how much
would you be able 1o withdraw aler 12 years?

If you wanted to withdraw 545,000 at the end of the 12-year period,
how much would you have to deposit each year?.

If you could deposit 518,500 indially, how much would you have 1o
deposit each year to be able 1o withdraw 545,000 al the end of the 12

2
3

years?
Solution:
Press cL Fis . This clears the registers
1. Key In Then Press Cammeant
12 " Theg is the numbar of years,
1% [ This is the pericdic interast rate.
1000 CHE BV You are puiting 1he money into the bank $0 you

key il in as negatve

Trus tells the calculator that you wish 1o sobve for
the cash fow at the end of the bme pericd.
See dgisplayed: 2449105, the amount you could withdraw in 12 years.

Fv

2. Adver values ane keyedin (or calculated). they remain in the régisierns.
Todothe second part of the problem, all we have 1o dois key — 1000
AL BT (12 rEMAING I e, TS 00 8nd - 10,000 ineyv] and then préss Fy
Key In - Then Press Commant
1000 CHS Pt Again payment i negalive because you ane

grang money 1o the bank.

This tells the calculator ta find the cash low at

the @nd ol 1he 12 years.

See displayad a3.188.07, The amount you could withdraw after 12

YRArs.

F4

3, 10 you needed 10 wathdraw $45,000 and wanted 10 find out what your
yearly deposil would be, put 45,000 into ey and than el e calculator
1o soheg Tor Pt

Key In  Then Press Comment
45,000 Fv Al the end of the 12 years you will récenwe
545,000
paT  This tells the calculaton 1o find the annual de-

posal you musi make
Sea daplayed - 1096.85. The amount you mwst deposi annudlly

4, Mow pul -18.500 into Py, than préss PMT

Key In Then Press Comment
18,500 CHE Py You plan o deposil §18. 500 al 1 begenning ol
thiy 12 yaars.
Pt  What will your deposit bé $o thal you can still

withdraw $45,000 at the end of 12

years?

This bells you that you could witharaw this
amount each year and stll ge1 545,000 at the
end of 12 years

Sae displayed .50

Fig. 5. An example ilusirating how natural the HP-82's com-
pound inlerest keys are 10 use. An important difference from
previous financial calcuwlalors is that money paid oul is con-
sidered negative and money recewved is considerad posilive.

lation we devised an initial guess strategy that pro-
duces guesses correct to five places over all ranges of
PV, FV, PMT, and i, and with n as large as 108 Com-
putation time for i was reduced to about a dozen
seconds.
Some of the techniques employed were:
» Aninitial guess strategy that selects an initial guess
by problem classification, the production of as

~NE

many as three guesses, and the selection of the
final initial guess based upon the three guesses
Enhanced accuracy in +, —, %, =, In, &*
Special evaluation of [(1+1)"—1]/i to avoid damage
from cancellation
Carrying more digits internally than any previous
HP financial calculator,
In the final implementation of the n, i, PV, PMT, and
FV keys we were able to achieve reliable functional
capability over a wide range of data and problems, a
dramatic enhancement in ease of use, and definitive
accuracy (see accuracy discussion) exceeding that of
any previous HP calculator.

Fig. 5 demonstrates how easy the new compound
interest keys are to use.

Internal Rate of Return

Given an initial investment and a series of uneven
cash flows CF,, CF,,..., CF, occurring at equally
spaced time intervals the IRR (internal rate of return)
is the interest rate that satisfies the following equa-
tion:

CFg+CF,(1+i) "+ CFy[1+i)"*+...+CFy(1+i)"=q,

The only other HP financial calculators to produce
IRR are the HP-27, which allows eleven cash flows,
and the HP-81, which allows ten cash flows. The
HP-92 allows up to 31 uneven cash flows.

We again applied Newton's method to solve this
equation, but in this case the shape of the graph pre-
sented a different type of problem. In the compound
interest problem there is only one root (the graph
crosses the axis only once). In the IRR problem it is
possible for the equation to have many roots. Des-
cartes’ rule of signs allows polynomial equations with
several changes of sign in their coefficients to have
several roots. Since the cash flows in the IRR problem
represent the coefficients of a polynomial (see equa-
tion), cash flows that change direction more than
once produce this possibility. However, if there is
more than one root, none of the solutions will be
financially meaningful. To avoid this complication,
the HP-27 will not allow more than one sign change.*

Example: Consider the following two problems.
Negative values represent investment and positive
values represent income,

Problem 1 Problem 2
Imitial =$10,000 -£10,000
Year 1 ~& 1,000 § 2,000
Year 2 £ 2,000 =3§ 1.000
Year 3 513,000 $13,000

The HP-27 produces an answer of 11.83% for Prob-
lem 1 but returns ERROR for Problem 2. To most users
it is not apparent why this happens.

We wanted to remove this kind of limitation. Again

“It shoubd ba poted hene thal B iechreques used s the HP-2T wene thie Best available at the ime. Mary
implementations of IRA take 00 precautions bo protect e user lom anomakus anTwens



after considerable investigation we were able to im-
plement an IRR function with a much broader range.
For Problem 2 above the HP-92 produces the correct
answer of 12.99%,

The IRR function on the HP-92 will produce the
correct answer for any problem with up to 31 cash
flows and any number of sign changes, provided that
there is at least one sign change and that there is only
one significant sign change. In general, this means
that there is only one real root. Multiple sign changes
are allowed provided that all but one of the cash flows
changing sign are small in comparison to the other
cash flows.

Example:

Froblem 3 Problem 4

Acceptable Unacceptable
Initial =5100.000,00 —5100,000.00
Year 1 $500.00 S500,000.00
Year 2 —5200.00 —5§200,000.00
Year 3 £100.00 £100,000.00
Year 4 $150.000.00 $150,000.00

For Problem 3 the HP-92 produces the correct
answer of 10.77%. For Problem 4 the HP-92 will cal-
culate indefinitely. The mathematically correct but
financially meaningless answers to Problem 4 are
—147.31% and 362.98%.This does not mean that the
problem is financially meaningless, but only that IRR
is not the way to attack it. If there is a financially
meaningful answer to an IRR problem the HP-92 will
find it.

Bonds

The SIA [Securities Industry Association) hand-
book?® specifies certain procedures for the calculation
of bond values. Most bonds have semiannual coupon
periods determined by their maturity dates. For
example, if a bond matures on December 15, 1985,
then the coupon periods will end on June 15, 1985,
December 15, 1984, June 15, 1984, and so on. A bond
is not usually purchased on a coupon date (see Fig. 6).
This implies that both simple and compound interest
must be used during calculations of price and yield.
The SIA procedure for the calculation of purchase
price involves the exact number of days in the coupon
period in which the bond is purchased. The number
of days in a coupon period can vary from 180 to 184,
Inside the HP-92 the calendar functions determine
the exact number of days to the end of the coupon
period from the purchase or settlement date, automat-
ically taking leap years into account (Fig. 7). The
computations can be based on a 360 or 365-day year,

A Manual on the Keyboard

The HP-92°s keyboard is designed to prompt the
user and make it obvious how to solve many prob-
lems, Keys of the same kind are grouped together. In

g

& Months & Months § Months

August 31, 1977 Maturity Date
Possible Settlement Date
I = v o ? i
61577 121577 12115/84 G/15/85 12/15/85

Fig. 6. In bond caicwiations, coupon dates are determined
by the maturity date and are six months apart. Seftlement [ pur-
chase) date can be any busingss day. Built-in HP-82 cal-
endar funclions determing the exact number of days between
the seftlement date and the coupon dale.

many problems all required input parameters have
individual storage registers. To place a value in one of
these registers the user simply keys in the value and
then presses the key corresponding to that register.

Example: There are three types of depreciation:
straight line (SL), sum of the years digits (SOYD), and
declining balance (DB). The input parameters and the
corresponding keys are life (LIFE), starting period (N1),
book value (BOOK), ending period [N2), salvage value
(saL), and declining balance factor (FACT). These val-
ues are loaded into their registers using the blue and
gold shift keys where appropriate. Once this is done,
any or all of the three types of depreciation schedules
may be calculated by pressing the sL, SOYD, or DB
keys. '

Accuracy and Operating Limits

Everyone who participated in the HP-92's design
wanted to produce a calculator whose reliability, ac-
curacy, and capability would exceed whatever might
reasonably be demanded of it. Previous calculators
would have to be surpassed, if only because as time
passes, users take previous accomplishments for
granted and demand more. One target for improve-
ment was accuracy. Consider the following slightly
unrealistic problem,

Example: Find the present value and the future
value of 63 periodic payments of one million dollars
each at the (very tiny but still positive) interest rate
i =000000161%.

Problem:
Caloulate the price of a corporate bond with . - .
a seltlernan: date of August 24, 1977, a matur- B.241577 &1
ity date of Mareh 15 2000.; coupon rate of 3152000 BT
B.75% and a yield of 8%. (Calculated on g. 750000 CFN
30-day manth, ear. -
Solution: L cav year) 8,000000 YLD
Enter the setilement date, maturity date, BOMD #3s0 FRC
coupon rale, and yield. Press pRICE. The I. 064563 &1
bond's accumulated interest and price are - seoses Luy
than printed .

Fig. 7. A bond problerm and the HP-92 solution. That Febru-
ary has anfy 28 days is automatically taken inlo account



HP-80 HP-22.27 HP-92
PV G2,608,695.65 63,000,000.00 62,999 967.54
FV 62,608,695 65 62.981,366.46 63,000,031.44

The HP-92 answers are correct, but more significant,
the other answers are clearly wrong: interest is pos-
itive but money is lost.

Obvious errors even on such unrealistic problems
can undermine user confidence. The only way
to prevent apprehension is to preclude all anomalies.
For this reason, we set out to produce such robust
algorithms that the user need never be concerned
with questions of accuracy or operating limits. The
extent of our success may be gauged by the reader's
readiness to forget the limitations explained below.
Calendar Functions: 1S, ST, MT Dates of issue, set-

tlement, maturity

4DAYS  Days between dates
DATE + DAYS
g PRINT x  Day of the week,

These functions accept dates from October 15, 1582
to November 25, 4046, The first date marks the in-
ception of the Gregorian calendar, now in use through-
out Europe and the Americas, in which leap years are
those evenly divisible by 4, but not by 100 unless
also by 400. (The year 2000 will be a leap year, but
not 1900 nor 2100.) The second date is determined by
internal register limitations, not by any special know-
ledge of the future,

Mathematical Operations: +, =, x, +, 1jx, %, %X, A%,
Vx, e*, LN

Error is less than one unit in the last (tenth) signif-
icant digit over a range of magnitudes including
107" and 9.999999999x10%. y* is also accurate to
within one unit in the last significant digit for 1072
= y* = 10°% outside that range the error is less than
ten units in the last significant digit.

Statistics: £+, -

These keys accumulate various sums using arith-
metic to ten significant digits, This determines the
range and accuracy achievable by the other statistical
keys ¢, LR, r, %, and s. For x data consisting of four-
digit integers, ¥ and s will be correct to ten sig-
nificant digits and §, r, and LR will be in error by less
than the effect of perturbing each y value by one unit
inits tenth significant digit. For x data with more than
four digits per point the error can be significant
if the data points have redundant leading digits;
in this case both time (keystrokes) and accu-
racy will be conserved if the redundant digits are not
entered, following recommendations by D.W. Harms 6
Bond Yield and Interest Rates: YIELD, i, IRRA.

The error will be smaller than one unit in the last
(tenth) significant digit or 0.000000001, provided that
the number of periods n does not exceed 1,000,000,
and for IRR, provided that the cash flows reverse sign
significantly only once as described above. These
rates are calculated far more accurately than the Sec-
urities Industry Association requires,

Money Values: PRICE, PMT, PV, FV, AMORT, SL, SOYD, DB, n

Errors will be smaller than the effect of changing all
input values in their tenth significant digits. Typi-
cally, this means that if [1+i)" does not exceed 1000
then errors will be less than one unit in the last (tenth)
digit. This amounts to a fraction of a cent in trans-
actions involving tens of millions of dollars.

Verifying Accuracy
A simple means of verifying the accuracy of a given
computation on any calculator is to attempt to
recalculate the known quantities using a quantity
the calculator has computed based on the knowns,
Example: Key the following values into the HP-92:
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n=111.1111111, i=2.222222222, PV=333.3333333,
PMT=4.444444444. These numbers are selected to
make any loss of digits noticeable, but are otherwise
arbitrary.

Now solve for FV. The HP-92 gives FV=
—5931.82294. Now recalculate the known quantities,
The HP-92 answers are n=111.1111111, i=
2,222222222, PV=333.3333333, PMT=4.444444443.
Note the loss of one digit in the last place of PMT.
Then resolve for FV. The HP-92 again gives FV=
—5931.82294, showing that the lost digit has no
impact.
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 gree in mathematics from San
Jose State University in 1967 After
- Iwo years as a programmer/
analyst, he enrolled at lowa State
University and received his MS
degree in mathematics in 1971
He remained at lowa State for the
NExt wo yaars, dong course work
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