
Personal Calculator Algorithms IV: 
Logarithmic Functions 
A detailed desCtiption of the algorithms used in 
HewleU-Packard hand·heta calDJlalors /0 compute 
IO()8rirflms. 

B ECINNING WITH THE HP·3$,'" I II flP per$Onll 
<;alcul.,...., have used _UIlIy the "me II. 

gOrithm, for computing complex mllhemllia] lunc­
tion.ln their BCD (binary-a>ded dedm.l) microlM"O" 
ano ... While imprav,menl. hive been ma de in 
ne ... er ulculators.' the c hlllSe. hive .ffecled 
prlrna.lly special c . .... and no! the fundamental 
alsorilhm •. 

Thl' utid. i. the fou"h In I le. i"" thl' examin"" 
1h"". Illmithm. and thltl. lrnplem.nt. tlon.· .... Each 
• • tlcle ". .... ntl in detaU th, method . ... ed to Imple­
ment I common matllemltiCIIl lunctlon. for 'implic­
lIy. ",orou. ",oaf •• ", not IIlvln and opedal .;a_ 
other th.n Ihon of pariicul •• interest .... omined. 

Alt hough Il ilored lor efficiencY within Ihe en· 
vlronmenl of a special· purpOM BCD micropro<:e$sor. 
the bulc mathemaricol equation •• nd Ihe lechniques 
ultd 10 Iran.rorm and implement Ihem .re applicoble 
10. wide rlnge of computing probleml and devloe •. 

TI'>e LOglrl!1Im1c: Functl .... "19_ 
Thll .rtlde will diu:" .. th e me1hod of 1_"'linl 

the lnt~J and 1000,oIx) functions. To mln lmi,.., pro­
Srlm lensth .• sinsle f"nd ion. In(~).; •• Iways COm· 
puted nrtt. Once In(x);. Cllculattd. tOfl,oI x)I. found 
by th. lonnul. 

t nIx) 
JOI, . lx) - Tii'iiOi 

In(xl II ,en. ",ted U.inl an .pprodmotion pro<:e$s 
much the "me", Ih. one "std to compute tri80no­
mettlc fundions.' The fundomenl.1 equation used In 
Ih ll caN Is th. 1000.tlthmlc p<Operty that 

In (""1 " ,' ... I • In!I,1 + In.{.,) 
+ In!. ,) + .. +In( I,) (1) 

Thll.lgorllhm simply transform. the input number 
x Into. product of several torms whose 10,"rllhR'!$ 
.'" known. The ,urn of the logar Ithm. of these variou, 
JMrtlal.p,o<!uCI le rms forrru lnlxl. 

u_ 
Numbers in HP colcu l.tort are $Io"':! in scienti fic 

notltlon In t~ form x _ M· \O·. M II. number 
whOle m"nllude i. between 1.00 and 9.999999999 
end I( I, In In teger t>etween - 99 .nd +99. Using 
equtllon I, It is easy to s" thai 

At Ihll polnl. annther logarithmic p,operty becomes 
u."ul. which is 

In(A~ _ b· l n(AI. 

Ulln, Ihi. relationship 

InIM-lO") _ InIM) + 1( · ln(IO). 

ThuIIO nnd Ihe lo," 'i lhm of. numt>e, in scie ntifi c 
nOI'lion. one calcul.tel the lo,arllhm of the manti,n 
of Ih, number and add, Ihat 10 th, exponent lim", 
In(IO). 

M.n~ .... 
Th, problem of findins In.{~) II now reduced 10 

fi nd lns the 1000.rilhm of Itl manllSJII M . 
Ult P .. 11M. Then 

In(PM) .. )n(p) + InIM) 
In(l) • In(P) + InIM) 

o • In(P) + InIM) 
- In(P) • In(MI (2) 

Th is may Ipp ... r to t>e . uHlell exerci.e since.t 
firsl glance - In(p) seem. 10 t>e •• hlrd to compute U 

InlM). 
Sup"""". ho .... ·ever. Ihal a neW number p. is fo,med 

by Inultiplying P by, which I. a .,,,.11 number dose 
to t. 

1'. " P ' r 

In IIddiHon.lel p. t>edeflntd ... p.o<!u(tofpowetl 



of numbe""1 whose natural logari thm. 8re known 

p • ••• "o . a, x' . .. .. • j K j •. .. •• • • 

Tbus 

P 2 P,Ir 

In(pi • IniP.1 - In(rl 

Using equatio" Z 

10(M) • 101'1 - In(P.1 

~in.lly 

In(M) - Infrl - ( ~Inlaol + K,ln(a,) + ... + Klln("11 
.... + K,ln(a.1J 

Thus to (ind In(MI ono simply mu!1iplies M by tbe 
carefully .elected numbe .. 0 1 so th.t the product 
MP. is forced toapproacb 1. If 011 the logarit hms of 
"I a"" added up a long the way to (orm In(I',1 then 
In(M) is the logarithm of the remainder r minus this 
sum. Notice Ihat the rema inder r is noth ing mo re th.n 
the fin.1 product MI' •. 

tm ple""", .... j on 
How is thiS algorithm Implemenled in a sl,edal · 

purpose microprocessor? firs t of all . the terms o( 1'. 
we"" chosen to reduce compulation ti",e and mini. 
mlze the amO\,nt o( ROM I"".d.onl)· memory) neede-d 
to 510re "land its logar ilhm. The numbers chosen for 
th e oJ lerms are of the form al • (1 ... lO - j) . where 
i .. 0·4 (.ee Table I). 

Table 1 Va lue. of al Terms 

" In aJ 

" 
, 0.6911 , .., 0.09531 , 1.01 0.009950 , 1.001 0.0009995 , 1.0001 0.000099995 

To .chle,'e high accuracy using relatively few aj 
terms. On approximation is used when r .. MI'. 
opproaci,es 1 For numbers d""e to 1. In(r) _ r-l_ 
This yields 

• 
In 10.1 .. (r-ll - L Klln(_,) (3) ,-, 

Si nee a ll of the ., terms ."" larger than 1. M must be 

between 0 and 1 if the product P,M is to approach I. 
As M is defined to be belween 1 and 10. a new quan. 
tity A i. formed hy di "iding M by 10. A is now In the 
p'oper range (0. I ..:;A< I).O tbat using th e "i terms as 
defined will caus. tbe product AP. !o .pproach 
1 without excee<ling 1_ 

The product p. can nOw be fonn.lIy defined ... " 
.eries. where j goes hom 0 to n. Each p"rt ial product 
APi bas the form 

1'_ , _ 1. and KI is the I.rgcst inte"er $uch that P, < 1. 
In practice . each A-PI is formed by muhiplying 

A Pi- ' by (1 + 10- 11. KI times_ There i. one inter· 
mediate product. T" for each count of Kj • as shown 
below. 

, 
To - A(l + 10-,,) 

T .. _ A(I + \0 - 0) ' 0(1 + 10 - ' ) " 

...(1 + 10 - ·I " ' - AI' . 

1" 

Noti ce \h.1 each multi plication of the inlermediate 
p,oducl T;. , by "I simply .mount~ to shifting T,. , 
right the number of digits denoled by the current 
value ofjand .dding the sh ifted value to the orig ina l 
T,_,. This very effic i~nl m,,)tiplicalion method is 
.imilar to Ihe pseudo-multiplication of th e trigono· 
mettl e algoritbm,' 

An E .. mp~ 
A numeric example to illus tra!e this prOC<lS$ is now 

in order. Let A - 0.155. To compu te In(A). A must be 
multiplied by facto," of . j until APo .pproaches 1 
To begin the process A _ 0.155 i. mu lti plied by"o _ ~ 
to form the inlerme-d i.te product T. _ 0.11. Another 
multiplication by .. gives T, _ 0.62. A thi.d mult ;­
pl;""tion by 2 results in 1_ 24 . which is la'gerthon 1. 
Tints K. _ Z and AI'. _ 0.62 . The process is con. 
tinued in Table l 



Table 2 Gen~.a1ion of In(0.155) 

" "'Pi <, T, In(IJ 

-, 0.155 0. \ 55 , , , 0.3\ 0.6931 , , 0.62 , 0.62 0.6931 

, ,. , 0.682 0.0953 , U , 0.7502 0.0953 , u , 0.82522 0.0953 , u • 0.9077 0.0953 
U 0.9965 , 0.9985 0.0953 , 1.0 I 0.W85 , .. , 1.001 0.9995 0.9995 0.00099 

• 1.000 1 0.9996 0.9996 ,.-
0.9996 _ ... ·1'. _ r l.3638 - L In(IJ 

' AnolhlOl" X2 wOll ld retult In ",p. > 1. Tho. t.; I. 
chonged 10 1.1. 

" The 1.01 CO .. 'llnl I. sklp~ en li ... ly. 

Applyin8 th .. nlu ... found in Tobie 210equallon 3 
results In 

In(0.155) _ (0.g9Q6 - 11 - 1.8638 
.. - 1.864 2 

Thl' answer appro, im.t ... very do<ely the «meet 
10·disit anlw~r of - 1.864330162. 

Th is .. am p le demonslrales Ih .. simplicity of this 
method of (OStrilhm lenerallon. All lhat i, requi red 
I. a mul!ipllQ';on (Ihift Ind Idd) and I t .. t for I . 
To tmplemen l lhl. procell u<lnS only Ih"", workin8 
"'Si.I ...... pteudo-quolient limil .. 10 Ihe on. S .. n· 
enled In Ihe ltl,OflOme1ric 1180rithm i< formed.' Each 
diSl1 ... p ...... nt5 Ihe number of successful muhipU· 
Qlion. 1» .• patllcul •• t.;. Fo. Ihe precedi ng enmpl •. 
Ih .. pseudo-qaolienl wOuld be 

, , 
I I 

J .. 0 J .. 

, , , 
I I I 

J " 2 j _ 3 j _ 4 

With - In(.) .. (. - l)lSth. firslle.m. lhe Ipp' o­
p' ;8te IOS • • ith .... of (IJ I ... Ihell summed locordlns 
10 the count In the p,,"udo-quotienl diSH corrapond· 
in8to Ihe proper .. The finll.u m i, -In(A). 

At llli. point Olle mo ... lfllIsformalion i. needed 10 
opllmize Ihl' .Isorithm perlect ly 10 Ih .. miCl"O\'ro-

ceSSO.·1 capabilili ... . Recal! Ihat Ih .. flctors al were 
ehllOen to force Ihe product P.A IOW.rd. I. Suppme 
II, _ T, - 1. Forcing B .. towordl 0 cau.,", P. A 10 be 
fo.ced 10 I. Sub$1i1ulin8 B, In lo (4) and .Impltlylng 
yl .. lda 

(H I+ II - (B, • • + 11(1 + 10" ) lor some j 

H,+I - B;_ ,(I+IO '~ +I .. to -1 

Mul tlplyl nglhrough by -I .esu lU In the followln8 
equation. which is oq ~i v. l ent 10 eq uallon 4 . 

- D, .. -B,_.II + IO-I) - IO - 'fo.somtj (~I 

Thl •• ~pmliOft i. no..- in • very uset"~J forn •. ,i llce 
Ihe ' t le.m il Ihe sam .. IS before. bUl lh, zero lesl il 
perfo. med IUlomalicolly when Ihe IO- I .ublfldion 
"don ... A t",,1 fot a borrow i,.U llItt i. required. All 
edditional benefi l of Ihi' lra""o", .. lIo" i. thll lceU. 
racy an be Increased 1» .• hiftins - D, lefl 0'" dlgil fot 
... ch 't I .... m afl.". il has been Ipplled Ih .. muimum 
number of Ii ""'" pouible. 1101. Incte,," accuracy bl· 
"pladn, t~roo genera led as 0, .pp ..... chao zero wilh 
,tan,fi.,.nl d's'ls thaI otherwilHl would 10,,·. befln 100t 
0~1 of the ri ght end of the .egl.le •. Thl. 'hlfti ng. 
which I. eq ui valent 10 . mu ltlpli calion by 101. Kiv ... 
yo:t anOlhe, benefil. Multi plying "'I uollOl1 ~ by 101.nd 
.Implifytng. 

-B,x 10
' 

_ -H '~I X 10' (1 ~ 10 -~ -I forson .. 1 (6) 

NOIla Ihallh .. 10-; <ublraell..,., reduceti 10' Ilmpl. 
- I MS •• dl .... of th .. val .... of I. Th. formolion of the 
In illal - B.balsoea$y.;nce - D. --IA - I) _ I - A. 
Thl. I. form&<! by laking Ih .. 10·1 COm lll,men t of M 
(Ih' original ma nti'H). creating 10 - M. A .ighl 
shi ft divides this by 10 to give I - MilO " I - 1\ _ 
- fl .. 1\ final. alm <>st illcredible . benofit of th .. B, 
If.n,formatl on I, th.t the fi na l ", ,,,"inde. - B .. )( 
lOll. in th e ... ct fot m ,equi.ed 10 be Ihe n" lle .m of 
the • .,mm.lion process of equ.tion ~ wlthoul fuhher 
n.odln.,.tion. The corred In(aJ coolllnll are added 
dtrectly 10 - D .. x 101. shi llin8 the .um . IShl One 
digit ,n . . .... cb pseudo-quotl .. nl dlill 10 prele.v .. 
ICCUflCY Ind "",lore Ih, p.oper 1I0rmoll .. ed fo.m di.· 
.upled by "'Ioalion 6. The ..... "It t. - In(AI. 

Finally. Ih .. required In!"') il easily lound by .uh­
trading Ihe compuled ,"",u lt -I I1(A) f,om In( 10). 



In110) - (- InIAl) _ In( 10) + In("-tl IO) 
_ In(IO ' MIIO) 
- InIM) 

OnOllnIMI;1 compuled. K· ln(IOIII . dded as pre­
vloully dllcuued 1<> f<>rm In(~l. Allhll poinl losfx) 
<:li n boo ,,,ne..- Ied by dividinllln(~) by In(IO). 

5<0",,,, • ..,. 
In l uonm.ry. Ilia c<>mpulaU01\ <>r I<>sorhhmi c fune. 

tions pfOCftd • ., follow.: 
\ . Find Ihe logarithm of 10K u, lng K·ln (10). 
2 . Trlndorm Ihe Inpul monl l ... 10 Ih" prop"r 

form requ ired by -B .. 
l. Apply eq .... Uon 6 repeoledly ond fo.m 0 pseudo­

ql>Oli""l ,,,preoenlinll Ih" number "' "uccessfu l 
mulilpl i<:lliioni by each *t. 

4. Fo. m -In(A) by .ummlnll the In(PJ con. tana 
oorrelpondl ng 10 the 1'1""do-quotie nl digils wil h 
Ih e ,emalnder -B .. )( 101 .. Ih" fi rslle.m in Ih" 
seti es, 

5 . ~'I nd In(x) o. log( x) usi ng Ilmple .rithmelie 
OPfl"u lonl. 

6. Round and d isplay the .nIW"". 
Th" <:IIle" l.to. i5 now re.dy '0. I noth .. , opera tion . .§' 

Ref .... entell 
I. T.t.! . Whll ""1. ~'. ~od~. ond c.c. TunJ.·""" ·Po~· 
ful 1'o<J,."'ul'. An m""" Qn~ Col<:ulo' ." CI,. II""5"" d,~ 

_l.E ...... 
1W~ •• __ aI 

• .... ~ 0r<0\JDr> OMs"", 
... _ ......... _d~ 
....., ..... _ 01 hoo -" "" .... 
H1'411 ..., .... " Progr_ 
c*' __ . ....... "."...._ 

lor ..... liP"r..., "'" """<0-
ptOQt~lor_O~ 
_. , ..... 'Y, ........ ptOjool 
.._ lor 1110 ,.",.,. ... _lop-
~ ....... "",·,tc..." ... 
I-IP.NC; fIoI _ ... !!SEE 
o.woo _1\fI;N/O Y""'I:I ...... 
_., lin..., hoo..sEE ..... 

__ ~ ., "76. ",'. _...., "'" """"' ',13-_.,F ....... _ ... ·._.,. ____ _ 
...,-.,~ 

Sli<lo Rull," H.""I~I1 - P.ck. rd loom.I. lu .o 1912, 
:. u.s, Cl><;h,. n, "AlgOl;lhm. ond AOCII 'Ky In lh" HP-35 ," 
lI"wl~II ·l'oO;,.,d lou,.ol. Juno 19 )2 , 
) . D,W. lI.fm •• "Th. "'ew Aocu,.o:,: Mo klng 2' • 8, " 
l"'wl~U·I"."rd /Ou,,,,,L N"""mbet \11)$, 

• . IV.f. . F.,be". "P.flOnol Colculol'" AII". i,hm. I. 
Squ."" M_." 11 ... I01I -Poclord lour ... L MOY \917. 
S. W.E. ~bort. "FIo""",,1 Colcula,or AIJOfilhm. JI. Triao­
""met'ic ru .... lons.- Il_I01'· p .. Urd )ou,nal. luno 1917. 
t . W,}!. ElM", "Po .. " nol Coleul"", AII".i1 hm. III : 
I."" ... Tl'IJ""""""'n.; I'u"cli" ...... 1I_1 .. '·~.d.-d I<>u,· 
n.l, N..! •• """" ,~" . 



 
 
 
 
 
 
 
 
 

Scan Copyright © 
The Museum of HP Calculators 

www.hpmuseum.org 
 

Original content used with permission. 
 

Thank you for supporting the Museum of HP 
Calculators by purchasing this Scan! 

 
Please to not make copies of this scan or 
make it available on file sharing services.


