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I IPROGRAM DESCRIPTION I )~==~~~~~~~~~~==~ 
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) 

MIDPOINT RULE FOR INTEGRATION 
This program approximates the i ntegral of the co nti nuous functio n f 

f' f{x) dx 
" 

by the Riemann sum 

L: f(x;)h 

in which h=(b-a)/n and the points xi are the midpoints of the subintervals 

[a+{;-I)h. a+;hl. ; =I •...• n. 

f, the function, i s supplied at l ine 80 . 

a, b, and n are entered by the user when requested . 

The calculation is expressed as follows: 

h={b-a)/n 

0=0 

FOR x=a+h/2 to b-h/2 step h 

m=m+f{x) 

NEXT x 

m=mh 

displ ay m 

calculate step size 

i nitia li ze accumulator 

accumulate functional values at rnid­
po; nts 

multiply by wi dth of in terval 

display approximation 
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ISAMPLE PROBLEMI 

A) Est imate j( '(SIN(X)/x) dx wi th 100 and 1000 subinterva l s o 

I SOLUTION I 

INSTRUCTIONS DISPLAY INPUT 

Enter integrand i n line 80 80 OEF FNF(X)=SIN(X)/X 

Run Drooram ***MIDPOINT RULE*** 

Enter l ower limit Lower li mit of in tegral? 0 [ RTN] 

Enter upper limi t Upper limit of integral? I [RTN] 

Enter number of subi nterval s Number of subi ntervals? 100 [RTN] 

Answer Mdpt approx =.946084325239 [RTN] 

Run again Run again, View again, or End? R [RTN] 

Enter l ower l imit Lower l imi t of integral? o [RTN] 

Enter upper limi t Upper limit of integra l ? 1 [RTN] 
Enter new number 
of subintervals Number of subinterva l s? 1000 [RTN] 

Answer Mdpt approx =.946083082905 [RTN] 

End Run again. Vi ew again, or End? E [RTN] 

) 

) 

) 
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t ISAMPLE PROBLEMI 
) 

B) Estimate fo'EXP(- x2) dx with 16 and 100 subintervals 

I SOLUTION I 

STEP INSTRUCTIONS DISPLAY INPUT 

Bl Enter inteqrand in line 80 80 OEF FNF(X)-EXP( - XA 2) 

2 Run prooram ***MIDPOINT RULE*** 

3 Enter l ower li mit lower 1 ;m; t of integral? a [RTN] 

4 Enter upper 1 imit Upper limit of ; ntegra 1? 1 [RTN] 

) 5 Enter number of subintervals Number of subinterva l s? 16 [RTN] 

6 Answer Mdpt approx =.746943912519 [RTN] 

7 Run again Run aga;n~ View again, or End? R [RTN] 

8 Enter lower l imit lower l imit of integral? a [RTN] 

9 Enter upper limit Upper limit of integral? 1 [RTN] 

Enter new number 
10 of subintervals Number of subinterva ls? 100 [RTN] 

11 Answer Mdpt approx =.746827198498 [RTN] 

12 End Run again , View again, or End? E [RTN ] 

) 
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ISAMPLE PROBLEMI 
) 

C) Estimate J,'SIN(X2) dx with 100 and 1000 subi ntervals 

I SOLUTION I 

STEP INSTRUCTIONS DISPLAY INPUT 
C 
1 Enter integrand in li ne 80 80 OEF FNF(X)=SIN(X'2) 

2 Run program ***MIOPOINT RULE*** 

3 Enter l ower limit Lower limit of integra 1? 0 [RTN] 

4 Enter upper l imit Upper limit of integra 1? 1 [RTN] 

5 Enter number of subintervals Number of subintervals? 100 [RTN] 

6 Answer Mdpt approx =.310263799031 [RTN] ) 

7 Run agai n Run again, View again, or End? R [RTN] 

8 Enter lower 1; m; t Lower l imit of integral? o [RTN] 

9 Enter upper limit Upper 1 imit of integra 1 ? 1 [RTN] 

10 
Enter new number 
of subinterva l s Number of subintervals? 1000 [RTN] 

11 Answer Mdpt approx =.310268256706 [RTN] 

12 End Run aga in , View again, or End? E [RTN] 

) 
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J~====~IU~S~E~R~I~N~S~T~R~U~C~T~I~O~N~S~I ===== 

STEP INSTRUCTIONS DISPLAY INPUT 

1 Place the integrand, as a 80 OEF FNF(X)= user function 
user defined function in 
line 80 . 

2 Run program ***MIDPOINT RU LE*** 

3 Enter lower 1 i mit Lower li mit of integral? a [RTN] 

4 Enter upper 1 imit Upper limit of integ ral ? b [RTN] 

5 Enter number of subintervals Number of subi ntervals? n [RTN] 

6 Answer Mdot aoorox = [RTN] 

7 Repeat opt; cns Run again, View again, or End? R R [ RTN] 

7a To run again, press [RTN] or 

) 7b To view the answer aga ; n, V [RTN] 

enter V [RTN] or 

7c To end the program E [RTN] 

enter E [RTN] 

) 
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I VARIABLE NAMESI 

NAME DESCR IPTI ON NAM E DESCRIPTION 

FNF (X) InteQrand H length of subinterval 
Accumulator for sum of 

integration A Lower 1 imit of M 
functional eva l uati ons 
at midpoi nt s and final 

B UDDer 1 imit of ;nteqrat;on approx imati cns. 
Test string for Run again, 

N Number of subintervals Q$ View aaain or End. 

INOTES AND REFERENCESI 

References: Conte, S.D . , and deBoor, C., ELEMENTARY NUMERICAL ANALYSIS (McGraw­
Hil l , New York, 1980) . 
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IPROGRAM LISTING I 

I MIDPOINT RULE 
ApproxiMate an inteqral 
over a finite interval 

! using the Midpoint rule 
! ReviSion 11/01 /82 

DISP' * * * MIDPOINT RULE * * *' 
! Define integrand 
DEF FNF(X) = SIN(X A 2) 
! enter liMits, t of subint 
INPUl 'Lower liMit of integral?' jA 
INPUT 'Upper liMit of inteqr,~l?' jEl 
IF A=B THlN'BElP ffi UISP 'Invalid ra 
nge for inte9ratl.on! I @ GOTO 100 
INPUl 'NUMber of sub-i.n terval s?' iN 
DISf' 'CoMputing .. ,' 
! COMpute increMent, SU M=O 
H=(l<-A)/N 
M=O 
! Main loop 
FOR X=A+H/2 10 B-H/2 STEP H 
M=M+F NF< X) 
NEX r X 
M=M*H 
DISP 'Mdpt appr'ox ='jM 
! Wait for return key 
IF NUM(KEY$)t13 THEN 250 ELSE 270 
! Run) view, or end 
DISP CHR$(2 10 lj' un agai n, 'jCHR$(21 
4';'iew again, or '.CHR$(i97)j 
lNPtJl 'nd?' ,'R' i Q$ e Q$=UPRC$(Q$[l 
I :l 1 ) 
ON POS('RV~',QS)+l G010 270/100,230 
,.500 
STOP 

-User d ef ined function 

-Calculate the step size 
-Initialize aCCUMulator 

- ACCUMulate Midpoint SlIMS 

-Multiply by width of interval 
-Display approxiMation 

-Continuation options 

7 
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IPROGRAM DESCRIPTION I 

TRAPEZOIDAL RU LE FOR INTEGRATI ON 

Th is program approximates the i ntegral of the continuous function f 

f ' f(x) dx , 
by sums of the form 

L: (f( xi )+f(x i + 1) )h/2 

i n which h=(b-a)jn, the pO ints x;=a+ih, and ; =O, ... ,n. 

f, the funct ion, ;s supplied at line 90. 

a , b, and n are supp li ed by the user on request . 

The ca l cu l ation i s expressed as follows: 

h=(b-a)/n 

t =(f(a)+f(b))/2 

FOR x=a+h to b-h step h 

t =t +f( x) 

NEXT x 

t=th 

display t 

ca l culate the increment 

initi alize t rapezoidal approxima ti on 

accumu l ate fu nct ion resu l ts 

ca lculate f inal approximation 

) 

) 

) 
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)cl ======~IS~A~M~P~L~E~P~R~O~B~L~E~M~I ======= 
A) Estimate 1a1x2dX using 37 and 64 subintervals 

I SOLUTION I 

STEP INSTRUCTIONS DISPLAY IN PUT 

1\ Enter integrand in 90 90 DEF FNF(X)=X' 2 

2 Run program ***TRAPEZOIDAL RULE*** 

3 Enter lower limit Lower limit of integral? o [RTN] 

4 Enter upper 1; m; t Upper 1 imit of integral? I [RTN] 

5 Enter number of subintervals Number of subintervals? 37 [RTN] 

) 6 Answer Trap approx =.333455076697 [RTN] 

7 Run again Run again, View again, or End? R [RTN] 

8 Enter lower l imit Lower 1 imit of integral? o [RTN] 

9 Enter upper 1 i mi t Upper 1 imit of integral? 1 [RTN] 

10 Enter new subintervals Number of subinterva l s 64 [RTN] 

11 Answer Trap approx =.333374023436 [RTN] 

12 End Run again, View again, or End? E [RTN] 

) 
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ISAMPLE PROBLEMI 
B) Estimate J

o
' (2/(2+SIN(10nx)))dx usi ng 45 and 64 subinterval s 

I SOLUTION I 

STEP INSTRUCTIONS DISPLAY INPUT 
B 

gO DEF FNF(X)=2/(2+SIN(10*PI*X)) 1 Enter i ntegrand i n gO 

2 Run program ***TRAPEZO IDAL RULE*** 

3 Enter l ower 1 imit Lower 1 imit of i ntegral ? 0 [RTN] 

4 Enter upper 1 imit Upper 1 imit of i ntegral ? 1 [RTN] 

5 Enter number of subintervals Number of subi ntervals? 45 [RTN] 

6 Answer Trap approx =1 . 15470053826 [RTN] 

7 Run again Run again. View again, or End? R [RTN] ) 
8 Enter lower 1 imit Lower 1 imit of i ntegral ? o [RTN] 

g Enter upper l i mi t Upper l imit of i ntegral ? 1 [RTN] 

10 Enter new subinterval s Number of subintervals? 64 [RTN] 

11 Answer Trap approx =1.15470053838 [ RTN] 

12 End Run again, View again, or End? E [RTN] 

• 

) 
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ISAMPLE PROBLEM I 
C) Estimate J: I SIN(x)dx us ing 100 and 1000 subinterval s 

I SOLUTION I 

STEP INSTRUCTIONS DISPLAY INPUT 
C 
1 Enter integrand in line gO 90 OEF FNF(X )=SQR(SIN(X)) 

2 Run program ***TRAPEZOIOAL RULE*** 

3 Enter lower l imit Lower limit of integral? 0 [RTN] 

4 Enter upper 1 ;m; t Upper 1 ;mit of integral? 1 [RTN] 

5 Enter number of sub ; nterva 1 s Number of subintervals? 100 [RTN] 

) 
6 Answer Trap approx =.642772202535 [RTN] 

7 Run again Run again, Vi ew again, or End? R [RTN] 

8 Enter lower l imit Lower 1 imit of integral? o [RTN] 

9 Enter upper 1 imit Upper 1 imit of ; ntegral? 1 [RTN] 

10 Enter new sub; nterval 5 Number of subintervals? 1000 [RTN] 

11 Answer Trap approx =.642971085268 [RTN] 

12 End Run again, View again, or End? R E [RTN] 

) 
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IUSER INSTRUCTIONS I 

STEP INSTRU CTIONS DIS PLAY 
; Place the I n,egrana as a user 

1 defined function in line 90 90 OEF FNF(X)= users function 

2 Run program "'TRAPEZOIDAL RULE'" 

3 Lower limit Lower 1 imit of integra l ? 

4 Upper 1 imit Upper limit of integral? 

5 Enter number of subintervals Number of subintervals? 

6 Answer (del ays until [RTN]) Trap approx = 

7 Repeat options Run again, View again, or End? R 

7a To run agai n, press [RTN] 

7b To view the answer again. 

enter V [RTN] 

7c To end the program 

enter E [RTN] 

INPUT 

a [RTN] 

b [RTN] 

n [RTN] 

[RTN] 

R [RTN] 

or 

V [RTN] 

or 

E [RTN] 
) 

\ 
J 

• 



)r======~IV~A~R~IA~B~L~E~N~A~M~E~S~I======~ 

) 

) 

NAME DESCRIPTION NAME DESCRIPTION 

FNF(X) Integrand H Length of subinterval 

A Lower limit of integration T Accumulator for weighted 

S Upper limit of 
functional sums and trap-

integration ezoidal approximation 

N Number of subintervals Q$ Test input string for Run 
aga in, View answer again 
or End. 

INOTES AND REFERENCESI 

References: Conte, S.D., and deBoor, C., ELEMENTARY NUMERICAL ANALYSIS , (McGraw­
Hill, New York, 1980). 

13 
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IPROGRAM LISTING I 

10 TRAPEZOIDAL RULE 
20 approxiMate the integral 
30 over a finite interval 
40 using the area of 
SO trapezoids 
60 1 Revisj,on 11/01/82 
70 DISP' * * • TRAPEZOIDAL RULE •• . ' 
80 ! Define integrand 
90 DEF FNFIX) = SQRISINIX» 

iOO ! ~nter' liM~ts}t of subinT 
110 INPUT 'Lower liMit of integral?';A 
120 INPUT 'Upper liMit of integral?';B 
130 IF A~:B THEN BEl:.P @ DrSp 'Invalid ra 

nge for integrationl' @ COTO 110 
140 INPUl 'NuMber of subintervals?':;N 
ISO DISP 'CoMputing ... ' 
i60 ! COMpute increMent,edpt contrib 
170 T-IFNFIA)+FNFIB»/2 
180 H=Il<-A)/N 
190 ! Main loop 
200 FOR X=A+H TO B-H STEP H 
210 T::T+FNF(X) 
220 N~~XT X 
2:~O 1::::1 *H 
240 DISP 'Trap a ppr ox=';T 
;~SO ! Wait for rstur'n kc~y to continue 
260 IF NUM(KEY$).i3 THEN 260 ELSE 280 
270 ! Run,view,or end 
280 DISP CHRC(210)j'un again J 'jCHR$C214 

);'j,ew .:lqainJor 'jCHR$(i97)j 
27'0 INPU1 'nd,?' J'R' j QS e Q$c.,;UPRC$(Q$[i 

,1]) 

300 ON POS('I~Vf.:."IQ$)+1 GOHl 280 1 11.0,240 
,310 

3j.0 STOP 

-User defined function 

-CO Mput e step size 

-ACCUMulat€,! !:>UM~; 

-COMpute final approxiMatio n 
-Display ap~)rox iMation 

-Continuation options 

) 

) 

) 
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IPROGRAM DESCRIPTION I 

ROMBERG RU LE FOR INTEGRATION 

This program speeds up the convergence of the trapezoi dal rule for approx ­

imating the integral 

f ' f(x) dx 
" 

and it ;s based on success ive bisections of the interval [a,b]. The 

recursion formu l a for the ki th trapezoidal sum is : 

t(k)=(t(k - l) + m(k))/2 

in which m(k) ;s the kith midpoint sum , The extrapolated sequence is 

defi ned by: 

t(i,k)=t(i,k-I)+(t(i,k-I)-t(i-I,k- I))/(4k_l) 

for; and k non-negati ve and in which t(O,k)=t{k). The sequence u(i,k) 

defi ned by: 

uti ,k)=2t( i+I,k)-t(i ,k ) 

lies on the opposite side of the limit from t(; ,k) and helps to end the 

computation. 

f, the funct i on , ;s supp li ed at line 140. 

a and b are entered when requested . 

The ca l culation is expressed as fo ll ows: 

h=b-a 

t(O)=(f(a)+f(b)) h/2 

FOR k=1 to 16 

5=0 , h=h/2 

q=1 

calculate interval 

ca l culate t(O) 

loop for 16 sums 

initial ize sum , divide increment 

initialize extrapolation factor 

" 
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IPROGRAM DESCRIPTION I 

ROMBERG RULE FOR INTEGRATION (continued) 

FOR x=a+h to b-h step 2h 

s=s+f(x) 

NEXT x 

t(k)=t(k-l)/2+hs 

FOR i=k- I to 0 step -I 

q=4q 

u(i)=2t(i+l)-t(i ) 

accumulate midpoin t sums 

ca lculate kth s um 

calcu late s topping sums 

if Iti;) -u ii)1 < IE-IO then ia) 

t i i ) = t i i+l) + iti i+l)-t i i» /iq-I ) 

NEXT i 

calculate extrapolation sum 

NEXT k 

ia) display final sum tiO) 

) 

) 

) 
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ISAMPLE PROBLEM I 

A) Est imate !,'SIN(x2)dX 

I SOLUTION I 

STEP INSTRUCTIONS DISPLAY INPUT 
A 

140 OEF FNF(X)=SIN(X'2) 1 Enter integrand in line 140 

2 Run program ***ROMBERG INTEGRATION*** 

3 Enter lower limit Lower limit of i ntegral? 0 [RTN] 

4 Enter upper limit Upper limit of i ntegral? 1 [RTN] 

5 Roll through t(0,0), ... ,t(4,6) 

) 6 Answer Final approx =.310268301722 [BACK] 

7 View last row of extrapolation t(0,6) =.310290287875 [RTN] 

t(1,6) =.310268296948 [RTN] 

t(2,6) =.310268301727 [RTN] 

t(3,6) =.310268301724 [ RTN] 

t(4,6) =.310268301724 [RTN] 

t(5,6) =.310268301722 [RTN] 

8 Answer Final approx =.310268301722 [RTN] 

9 End Run again. View again, or End? R E [RTN] 

I 



" 

ISAMPLE PROBLEMI 

B) Estimate J,'EXP(-X 2)dX 

ISOLUTIONI 

STEP INSTRUCTIONS DISPLAY INPUT 

Bl Enter integrand in line 140 140 OEF FNF(X )=EXP(-XA2) 

2 Run program "'ROMBERG INTEGRATION'" 

3 Enter lower l imit Lower limit of integra l ? o [RTN] 

4 Enter upper lim i t Upper l imi t of i ntegral? 1 [RTN] 

5 Roll t hrough t(0 .0) •. ..• t(3.6) 

6 Answer Final approx =.746824132813 [BACK] ) 
7 Vi ew l ast row of extrapo l ation t(0.6) =.74680916363B [RTN] 

to.6) =.746B14133299 [RTN ] 

t(2.6) =.746824132812 [RTN] 

t(3 .6) =.746824132812 [RTN] 

t(4.6) =.746B24132813 [RTN] 

t(5.6) =.746824132814 [RTN] 

8 Answer Fi na l approx =.746824132813 [RTN] 

9 End Run agai n, Vi ew agai n, or End? R E [RTN] 

) 



19 

I ISAMPLE PROBLEM I )~====~~~~~~~~===== 

C) Estimate j'(2/(2+SIN(10TIX)))dX 
o 

I SOLUTION I 

STEP INSTRUCTIONS DISPLAY INPUT 

C 
Enter integrand 140 DEF FNF(X)=2/(2+SIN(IO*PI*X) 1 in line 140 

2 Run program ***ROMBERG INTEGRATION*** 

3 Enter lower limit lower 1 imit of integral? ° [RTN] 

4 Enter upper limit Upper limit of i ntegral? 1 [RTN] 

) 
5 Roll s through t(0,0), ... ,t(0,7) 

6 Answer Final approx =1.15470053838 [RTN] 

7 End Run aga i n. View again , or End? R E [RTN] 

) 
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ISAMPLE PROBLEM I 
) 

0) Estimate i;'(l/(l+EXP(X)) )dx 

I SOLUTION I 

STEP INSTRUCTIONS DISPLAY INPUT 

0 
inteqrand 1 Enter in 1; ne 140 140 DEF FNF(X)=I/(I+EXP(X)) 

2 Run program ***ROMBERG INTEGRATION*** 

3 Enter lower limit Lower limit of integral? o [RTN] 

4 Enter upper limit Upper limit of integral? 1 [RTN] 

5 Roll s t hrough t(0,0), ... ,t(3.5) 

6 Answer Fina 1 approx =.379885493042 [RTN] ) 
7 End Run again. View ag ain. or End? R E [ RTN] 

• 

,. 

) 
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, I IUSER INSTRUCTIONS I 
) 

STEP INSTR UCTI ONS DISPLAY INPUT 
I e I ace tne 1 ntegrana as a user 

1 defined function in line 140 140 OEF FNF(X)= users funct i on 

2 Run program ***ROMBERG INTEGRATION*** 

3 Enter lower 1 im; t lower limit of integral? a [RTN] 

4 Enter upper 1 imit Upper 1 imit of integral? b [RTN] 

5 Answer Final approx = 

6 Review last extrapolated row t(i ,j) = 
, lBACKJ to 
start reVlew 

LRTNJ goes 
forward 

7 Repeat options Run again, View again, or End? R [RTN] 

7a To run again, press [RTN] or 

) 
7b To view the answer again. V [RTN] 

enter V [RTN] or 

7c To end the program E [RTN] 

enter E [RTN] 

J 
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I VARIABLE NAMESI 

NAME DESCRIPTION NAME DESCRIPTION 

FNF(X) Integrand T (I) 
Trapezoidal, extrapolated 
sums 

FNA(X) Answer fun ction UtI) Stopping sums 

A Lower limit of integration S Midpoint sums 

B UDPer limit of integration Q Extrapol ation factor 

H 
Lengtn OT SUD ' nterva I, 

Q$ 
Control, string for 

increment RV E modu le 

INOTES AND REFERENCESI 

References: Stoer, J.D., and Bulirsch, R., INTRODUCTION TO NUMERICAL ANALYSIS, 
(Springer-Verlay, New York, 1981). 

) 

) 

) 



IPROGRAM LISTING I 
) 

) 

10 ! ROMBERG 
20 approxiMates The value of 
30 the integral ouer a finite 
40 in terv al using extrap. 
SO , to the liMit 
60 I of trapezoidal 50M5 

70 , revision 11/01/1982 
80 DISP' * * ROMBERG INT~GRATION * • 
,'0 

tOO 
110 

120 
DO 
140 
1 SO 
160 
170 
1.80 

190 
200 
210 
220 
230 
240 
2'::")0 

! De~ine answer function 
!)EF FNA 
A=NUM(KEY$) ~ IF M13 AN!) M8 THEN 
110 
,NA'~A @ END DEF 
1 Define integrand 
DEF FNF(X) = i /(l+EXP(X» 
! Enter liMits of integral 
INPUT 'Lower liMit of inteqral?/~A 
INPUT 'Upper liMit of integral?' jB 
IF A=B T~tEN BE~P e VISr 'Invalid ra 
ngs for integration!- 8 COTO 160 
! Arrays for SIJMMirl g and stopping 
DIM T(16) 
DIM U(16) 
1 COMpute O'th trap SliM 

H==B-A Iii' 1 (O)::::H/2*(FNF(A)+FNF(B» 
DISP ',( 0 I 0 )=' ;T(O) 
! Set Main loop and subloop f()r tra 
p SU M S 

~=60 FOR K:.::1 TO 16 
~:.~'10 S=O @ H::::H/2 

290 FOR X~A+H ·ro B-H STEP 2*H 
300 S"S+ FNF (X) 
31. 0 NeXT x 
320 T(K)=T(K-1)/2~·S*H 
330 Dli,P ',( 0 ,' ;K;')o' ;T(K) 
340 ! Subloop for extrapolations 
350 FOR I=K-i TO 0 STEP -i 
360 Q=4*« 
370 I Stopping criterion 
380 U( I)=T(]+i)*2-T(I) 
390 IF ABS(T(I)-U(I»)( = .00000000001 THE 

N 450 
400 
410 
420 

) 430 
440 
450 

1 COMputation of extrapolations 
TIl)-T(I+1)+i/(Q-I)*(T(I+1)-T(I» 
DISP 't(' ;1(-1;'1' ,Ki')::' iT(1) 
NEXT I 
NEXT K 
DISP 'Final approx:::' ;T(l) 

4t,O ! Review last row of extrap 

-COMPI/to interval, T(O) 

- Loop for 16 SUMS 
-Initialize SUM, divide 
:lncr'(,~Mt:mt 

--Initialize eXTr~polati()n 
factor 

-ACCUMulate Midpoint SUMS 

-·COMpu te I{"th SUM 

-COMpute stopping SUMS 

-COMpute extrapolation SUMS 

-Display final approxiMation 
-Pressing BACK shows the last 

ro w 

23 
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IPROGRAM LISTING I 

470 IF ~NA=8 lHEN 480 ELSE 550 
480 FOR JoO TO K-i 
490 DISP 't('iJj','jKj')='jT(K-J) 
500 IF ~NA=8 lHEN J=MAX(J - i,O) @ GOTO 4 

90 
S10 NEXT J 
~20 IF ~NA=8 THEN 480 
S3 0 DISP 'Final approx:::' ;T(l) @ IF FNA::: 

8 THEN 41'10 
540 ! Run/vifJw/ OT' end 
S50 DISP CHR$(210)j'un again,';CHR$(214 

)j"iew i:Igatri,or ",CHR$(197)j 
560 INPUl 'nd?' ,'R'.i Q$ @ Q$::::UPRCt,CQ$[i 

,1 ]) 
S'lO ON POS('RVE',Q$)+l GOTD 550,160,480 

,seo 
580 STOP 

-Continuation options 

) 

) 

) 



I IPROGRAM DESCRIPTION I ) ~==~~~~~~~~~~==~ 

) 

) 

SIMPSON'S RULE FOR INTEGRATION 

This program approximates the integral of the continuous function f 

f ' f(x) dx , 
by the sum over n=2k equal subintervals 

in \vhich h=(b-a)/k, x.=a+ih, y.=a+(i-~) hand ;=l, ... ,k in the sum. 
1 1 

f, the function, ;s supplied at 130. 

a,b, and n are supp lied by the user on request. 

The calculation ;s expressed as follows: 

h=2(b-a)/n 

m,t=O 

FOR x=a+h/2 to b-h/2 step h 

m=m+f(x) 

t =t+(f(x-h/2)+f(x+h/2))/2 

NEXT x 

m=mh, t=th 

s=(t+2m)/3 

display s 

calculate modified increment 

initialize midpoint and trapezoidal 
approximation 

accumulate midpoint approximation 

accumulate trapezoidal approximation 

complete midpo int and trapezoidal 
approximation 

calculate Simpson's approximation 

25 
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STEP 
A 

1 

2 

3 

4 

5 

6 

7 

8 

9 

ISAMPLE PROBLEM I 

A) estimate FSIN(x2)dX using 38 subinterva l s 
o 

I SOLUTION I 

INSTRUCTIONS DISPLAY 

Enter integrand in 130 130 DEF FNF(X)=SIN(X A 2) 

Run program ***SIMPSON'S RULE*** 

Enter lower limit Lower li mit of integral? 

Enter upper l imi t Upper limit of i ntegral? 

Ente r number of subinterva l s Number of sub interva l s? 

Answer Simpson approx =.310268263282 

Answer Mdpt aoorox =.310143443667 

Answer Trap approx =.310517902512 

End Run agai n, View again, or End? 

) 

INPUT 
,. 

o [RTN] 

1 [RTN] 

38 [RTN] 

[RTN] ) 
rRTNl 

[RTN] 

R E [RTN] 

) 



)~======~IS~A~M~P~L~E~P2R~O~B~L~E~M~[====~ 

STEP 

B1 

2 

3 

4 

5 

) 6 

7 

8 

9 

) 

B) est imate f' EXP(x 2)dX using 128 subinterval s 
o 

I SOLUTION I 

INSTRUCTIONS DISPLAY 

Enter ; nteQrand in 130 130 OEF FNF(X)=EXP(X'2) 

Run program ***SIMPSON' S RULE*** 

Enter lower limit Lower 1 imit of i nteCiral? 

Enter upper l imit Upper 1 imit of i ntegral? 

Enter number of sub intervals Number of sub interva l s? 

Answer Simpson approx = 1 .46265174704 

Answer Mdpt approx = 1. 46259644627 

Answer Trap approx = 1. 46276234858 

End Run again, View aga i n, or End? 

INPUT 

o fRTNl 

1 [RTN] 

128 [ RTN] 

[RTN] 

[RTN] 

[RTN] 

E [RTN] 

27 



2. 

ISAMPLE PROBLEM I 
) 

C) estimate IaI(X 2+SX+l)dX using 8 sub intervals 

I SOLUTION I 

STEP INSTRUCTIONS DISPLAY INPUT 
C 
1 Enter; ntegrand in 130 130 OEF FNF(X )=X A 2+5*X+I 

2 Run program ***SIMPSON1S RULE*** 

3 Enter lower l imit Lower limit of integral ? 1 [RTN] 

4 Enter upper limit Upper limit of integral? 2 [RTN] 

5 Enter number of subi nterva l s Number of subinterval s 8 [RTN] 

6 Answer Simpson approx =10.8333333333 [RTN] ) 
7 Answer Mdpt approx =10.82825 [RTN] 

8 Answer Trap approx =10.84375 [RTN ] 

9 End Ru n again, View again. or End? R E [RTN] 

,. 

) 
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)~I ====~IU~S~E~R~IN~S~T~R~U~C~T~I~O~N~S~I====== 

STEP INSTRUCTIONS OISPLAY INPUT 

Place the integrand as a user 
1 defined function ; n 1; ne 130 130 OEF FNF(X)- users function 

2 Run program ***SIMPSON'S RULE*** 

3 Enter lower 1 imit lower 1 imit of ; ntegra 1 ? a [RTN] 

4 Enter upper 1 imit Upper 1 im; t of integral? b [RTN] 

5 Enter number of subintervals Number of subintervals? n [RTN] 

6 Answer Simpson approx = [RTN] 

7 Compare with midpoint approx Mdpt approx = [RTN]/[BACK] 

8 Compare with trapezoidal appro Trap approx = [RTN] I[ BACK] 

9 Repeat options Run again, View aga; n. or End? R R [RTN] 

) 
9a To run again. press [RTN] or 

9b To view the answer again, V [RTN] 

enter V [RTN] or 

9c To end the program E [RTN] 

enter E [RTN] 

I 
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I VARIABLE NAMES I 

NAME OESCRI PTiON NAME DESCRIPTION 

FNF(X) Integrand H Modified increment 

FNA(X) Test function for control M Midooint approximat i on 

A Lower limit of integration T Trapezoidal approximation 

B Upper 1 imit of integration S Simoson aporoximation 

N Number of sub i ntervals Q$ Test str ing for control 

INOTES AND REFERENCESI 

References: Conte, S.D., and deBoor, C., ELEMENTARY NUMERICAL ANALYSIS, (McGraw­
Hil l, New York, 1980). 

) 

" 

" 

) 

) 



) 

) 

) 

IPROGRAM LISTING I 

10 I SIMPSON'S RULE 
20 1 ApproxiMate the value of 
30 ! the integral over a finite 
40 interval using the area 
SO under a parabola 
60 ! Revision 11/01/82 

70 DISP I * * * SIMP SONS RULE * * *' 
80 ! Wait for return key 
90 DEF FNA(X) 

100 A-NUM(KEY$) S IF AllJ AND AtB THEN 
100 

110 fNA-A e END DEF 
120 ! Uefine integrand 
130 DEF FNF(X) - X"2+SIX+1 
140 ! Enter liMits,* of subin,. 
ISO INPUT 'Lowt-~r liMit of integral?';A 
160 INPUT 'Upper liMit of integral?' iB 
170 IF A=B TH~N BE~P @ DISP 'Invalid rd 

nge for integration!' @ GO TO 150 
180 INPUl 'NUMIH.~r of ~;tlbtnter'uals?' iN 
190 IF MODCN,2)~1 lHEN BEEP @ DISP 'Cho 

use even nUMber of subint. I . @ GOlD 
180 

200 DISP 'CoMputing. 
210 ! COMpute increMent and initialize 
2;::~O H:::2/N* (B-A) 
,!SO M=O E' T=O 

240 ! Main loop 
2~O FOR X=A+H/2 10 B-H/2 STEP H 
260 M::::M+FNF(X) 

270 T=T+i/2*(~NF(X-H/2)+FNFCX+H/2» 

280 NEXT X 
290 T-1IH • M-MIH 

300 S=1/3*(Ti·2*M) 
310 ! Answer display 
320 DISP 'SiMpson approx=#jS 
3:10 A=FNA(O) 
340 DISP 'Mdp"t approx ::::' jM (! A=:FNACO) (! 

IF· A=:B THEN 320 
350 DISP 'Tr'ap approx=' jT (! A""'FNA((l) @ 

IF A'"8 THEN 340 
360 I Run,view,or and 
370 DISP CHR$(210)j'un again, 'jCHR$C21 

4)j'iew again)or 'jCHRS(197)j 
~~BO INPU1 'nd '?' }'R' j Q$ @ Q$::::UPRC$Cq$[ 

t ,11 ) 
390 ON POS('RV~',Q$)+l GOTD 370/1S0}320 

> 400 
4()0 STOP 

- User defined function 

-COMpute Mod ified increMent 
-I niti alize Midpoint and trap 

approxiMat:i.ons 

- ACCUMulat e Mi(jpoint 
appr'oxiMat:i.on 

-ACC UMulate trapezoidal 
appr'oxiMdt:i.on 

-COMplete Mdpt, trap 
appr'oxir"lations 

-COMpute SiMpsons approxiMation 

-D isplay approxiMations 

-Continuation options 

31 
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IPROGRAM DESCRIPTION I 

NEWTON-COTES RULE FOR INTEGRATION 

This program approximates the integral of the continuous funct i on f 

f ' f (x) dx , 

by sums of the form 

L S(i) f(x k , i )6 in which 6=h/(840(n+l)), 

The sum ;s extended over 0$;$6 , O~k~n and the s( ; ) are predetermined weights . 

f, the func ti on to be integrated, ;s suppli ed at line 90. 

a,b,n are requested and entered by the user. 

The calcu l ation ; s expressed as follows : 

h=b-a 

t=Q 

FOR k=O to n 

c=O 

FOR i=O to 6 

c=c+s( i ) f(a+(6k+i)h/6(n+l)) 

NEXT i 

c=c h/840( n+l ) 

t=t+c 

NEXT k 

di sp lay t 

ca l cu l ate the interva l h 

initialize the integrand t 

calcul ate approximati on at k intervals 

initia li ze the integrand for the i nterva l 

calcu l ate approximation at kth interval 

comp l ete calcul ation of integra l 

accumul ate integral t 

) 

) 

) 



) 

) 

, 
} 

STEP 
A 
1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

ISAMPLE PROBLEMI 

A) Estimate .f
I

EXP(-X2)dX with 12 and 64 subintervals. 
o 

I SOLUTION I 

INSTRUCTIONS DISPLAY 

Enter integrand in line 90 90 DEF FNF(X)=EXP(-XA2) 

Run program **NEWTON-COTES FORMULA** 

Enter lower 1 imit Lower limit of inteqral? 

Enter upper 1; m; t Upper limit of integral? 

Enter number of subintervals Number of subintervals? 

Answer N-C approx =.746824132814 

Run again Run again, View again, or End? R 

Enter lower , imit Lower 1 imit of ; ntegra l? 

Enter upper 1 imit Upper 1 imit of integral? 
I I:.~ter new num~er 

of subintervals Number of subintervals? 

Answer N-C approx =.746824132818 

End Run again. View again. or End? R 

3 

INPUT 

0 [RTN) 

1 [RTN) 

12 [RTN) 

[RTN) 

[RTN) 

0 [RTN) 

1 [RTN) 

64 [RTN) 

[RTN) 

E [RTN) 
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ISAMPLE PROBLEM I 

B) Estimate f oiSQR(J -x2)dX= f oi(J _x2)idX with 37 and 64 subintervals. 

) 

I SOLUTION I 

., 

STEP INSTRUCTIONS DISPLAY INPUT 
" 

B 
1 Enter integrand in line 90 90 DEF FNF(X)=SQR(I-X'2) 

2 Run program **NEWTON-COTES FORMULA*' 

3 Enter l ower 1 imi t Lower limit of integral? o [ RTN] 

4 Enter upper 1 imit Upper 1 imit of integral? 1 [RTNJ 

5 Enter number of subintervals Number of subintervals? 37 [RTNJ 

6 Answer N-C approx =. 78537 177313 [RTN] 

7 Run again Run agai n. Viev.' again, or End? R [RTN] ) 

8 Enter l ower 1 imit Lower limit of integra l? 0 [RTN] 

9 Enter uppe r 1 i mit Upper limit of integral? 1 [RTN] 
Enter new number 

10 of sub; nterva 15 Number of subintervals? 64 [RTN] 

11 Answer N- C approx =.785386367651 [RTN] 

12 End Run again, View again. or End? R E [RTNJ 

" 
',I 

) 
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ISAMPLE PROBLEM I 
) 

C) Est imate J,lSIN(x2 )dX with 13 and 37 subintervals . 

I SOLUTION I 

STEP INSTRUCTIONS DISPLAY INPUT 
C 

1 Enter ; ntegrand ;n l ine 90 90 DEF FNF(X)=SIN(X'2) 

2 Run program **NEWTON-COTES FORMULA** 

3 Enter lower limit Lower 1 imit of integral ? o [RTN] 

4 Enter upper limit Upper limit of integral ? 1 [RTN] 

5 Enter number of sub; nterva 1 s Number of subintervals? 13 [RTN] 

6 Answer N-C approx =.310268301724 [ RTN] 
) 

7 Repeat Run again, Yiew again, or Ind? R [RTN] 

8 Enter lower l i mit Lower 1 i mi t of i ntegral? o [RTN] 

9 Enter upper 1; mi t Upper 1 im; t of integral? 1 [RTN] 

10 
Enter new number 
of subinterval s Number of subintervals? 37 [RTN] 

11 Ans wer N-C approx =.310268301725 [RTN] 

12 End Run again, View again, or End? R E [RTN] 

I 
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IUSER INSTRUCTIONS I 
) 

STEP INSTRUCTIONS DISPLAY INPUT 

1 
Place integrand as a user 

FNF(X)= users defined function in l ine 90 90 DEF function 

2 Run program **NEWTON-COTES FORMULA** 

3 Enter l ower 1 imit lower 1 imit of integral? a [RTN] 

4 Enter upper limit Upper 1 i mit of integral? b [RTN] 

5 Enter number of subi ntervals Number of subinterval s? n [RTN] 

6 Answer N- C approx = [RTN] 

7 Repeat opt; cns Run again, View again, or End? R [RTN] 

7a To run again, press [RTN] or 

7b To vi ew the answer again, V [RTN] 

enter V [RTN] or 

7c To end the program E [RTN] 
) 

enter E [RTN] 

) 



I IVARIABLENAMESI )~====~~~~~~~~====~ 

) 

) 

NAME DESCRIPTION NAME DESCRIPTION 

FNF(X) Integrand S (I) Weights ;=1, ... ,6 

A Lower limit of integration C 
Accumu lates sums on 
subinterva l s 
Accumu lates sums on 

B Upper limit of integration T entire interval 

N Number of subintervals Q$ 
Control s tring for 
RVE mod ul e 

H Length of interva l 

INOTES AND REFERENCESI 

References : Stoer, J., and Bulirsch, R., INTRODUCTI ON TO NUMERICAL ANALYSI S, 
(Springer-Verlag, New York, 1980). 

37 
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IPROGRAM LISTING I 

10 NE WT ON-COTES 
20 ApproxiMa t es the value of 
30 the integral over a f inite 
40 interval usi ng the area 
SO under a higher order curve 
60 Revi sion 11/01/82 
70 DISP' * * NEWTON -COTES FORMULA * 

*' 8 0 ! Define integrand 
90 DEf FNF(X) = SIN(X A 2) 

100 ! Store liMit s,nuMber of sub-
110 ! intervals 
120 INPUI 'Lower liMit of integral?';A 
1.30 INPU T 'Upper U.Mit of integral?' ,II 
140 IF A=B THtN BE~P @ DISP 'Invalid ra 

nge fo r integr a ti on!' @ GOTD 120 
lS0 INPUl 'NUMb e r of s ubint ervals?' i N 
160 DISP 'CoMputing .. " 
170 ! Store weights 
18 0 5(0)=4 1 ~ 5(1)=2 16 @ 5(2)=27 @ 5(3) 

=272 @ S(4)=27 @ 5(5)=216 @ 8(6)=41 
190 ! CO Mput e length of interval 
200 ! and initialize 
,~1 0 H=B-A e T=O 

220 ! Hain loops 
230 FOR K=O 10 N 
240 C=O 

250 FOR 1=0 10 6 

260 C=C+SCI)*FNFCA+H*C6*K+l)/(6*(N+l») 
270 NEXT I 
280 C=C*H/IIN+1)*840) 

290 r=T+C 
3 00 NEXT K 
310 DISP IN-C approx =' jT 
320 ! Wait for ret urn key to continue 
330 IF NUMIKEY$)*13 THEN 330 ELSE 350 
340 ! Run,view, or end 
350 DISf' CHRt( 21 0) j' un again,'iCHR$(214 

)j'iew again, 01" 'iCHR$(197) .. 
:'36D INPUl 'nti ?' ,'R' i Q$ @ (,j$=UPRC$( Q$[ 

:1., 11 ) 
370 ON POS('RVt'/Q$)+l G01D 350/1 20/310 

, 380 
380 STOP 

- User defined func t ion 

-C heck liMits of integration 

-Initialize weights 

-COMpute width of interval, 
initial ize int egrand 

-CO Mput e approx. at K intervals 
- Initi a l ize the integrand for 
the int er val 

-COMp ut e t he approxiMation at 
the Kth interval 

- COMplet e COMp utati on of the 
:i.n teg ra 1 

-Display approxiMat ion 

- Continuation options 

) 

) 

) 



I IPROGRAM DESCRIPTION I )~==~~~~~~~~~~==~ 

EULER'S METHOD 

Euler 's method provides a numerical approximation to the ;nitial value 

probl em 

x' =dx/dt=f (x,t), x(a)=xo 
i n the neighborhood of the point t=a where the boundary value 

x(a)=xo 
is ass i gned. 

x(t) is expanded us i ng a f i rst degree Taylor polynomial about the poi nt t 

x(t+h) = x(t) + h x' (t) + 0(h2) 

= x(t) + h f(x,t) + 0(h2) 

where h is the step s ize h=(b-a)/n and b is the desired point of solution. 

) The program computes the seri es of i terates 

) 

xi+1=x;+hf(xi,t i ) , in which t;=a+ih, ;=0, ... , n-l , 

wi th x the final approximat ion at t=b, and h=(b-a)/n. 
n 

f, the function to be integrated, ;s supp li ed at l ine 100 . 

a,xo.b,n are entered by the user when requested. 

The calculation i s expressed as fo ll ows: 

h=(b-a)/n 

FOR i =O to n- l 

y=xo+h f(xo,a+ih) 

x =y 
o 

NEXT i 

Oisplay y 

calculate step s ize 

ca l culate approx. at n in terva ls 

calculate approx.for the ith interva l. 

update Xo 

39 
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STEP 

Al 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

ISAMPLE PROBLEMI 

A) Approximate the value of the solution, with initial 

condition x(O)=.5, to the differential equation 
dx/dt=1+(x-t)2, at t=l. 

I SOLUTION I 

INSTRUCTIONS DISPLAY 

Enter f(x,t) in line 100 100 DEF FNF(X,T)=1+(X-Tl'2 

Run program ***EULERS METHOD*** 

Enter initial t-value Initial t - value? 

Enter initial x-value Initial x- value? 

Enter endpoint Endpoint for solution? 

Step size Number of 5ubint, a to b? 

Answer Approx solution =1.94220484185 

Run again Run again, View again, or End? R 

Enter initial t -value Initial t-value? 

Enter initial x-value Initial x-value? 

Enter enctpoi nt Endpoint for solution? 

Enter new subintervals Number of subint. a to b? 

Answer Approx solution =1 .98351090675 

End Run again. View again, or End? 

) 

INPUT 

o [RTN] 

.5 [RTN] 

1 [RTN] 

10 [RTN] 

[RTN] 

[RTN] 

o [RTN] 

.5 [RTN] 

1 [RTN] 

40 [RTN] 

[RTN] 

E [RTN] 

) 



J 

"' 

" 

STEP 

B 
I 

2 

3 

4 

) 5 

6 

7 

B 

9 

10 

11 

12 

" 
13 

14 

) 

ISAMPLE PROBLEM I 

B) Approximate the value of the solution, with initial 

cond i tion x(O)=O, to the differential equat i on 
dx/dt=I/(I+x2+t2). at t=l. 

I SOLUTION I 

INSTRUCTIONS DISPLAY 

Enter f(x.t) in line 100 100 DEF FNF(X.T)=I/(I+X'2+T'2) 

Run program ***EULERS METHOD*** 

Enter initial t - va l ue Initia l t - va 1 ue? 

Enter initial x- value Initial x- value? 

Enter end po; nt Endpoint for solution? 

Step size Number of subi nt, a to b? 

Answer Approx so lution =.730071796614 

Repeat Run again, Vi ew again, or End? R 

Enter initial t-value Initial t-va lue? 

Enter initial x- value Initial x-value? 

Ente r endpoint Endpo int of solut i on? 

Enter new subintervals Number of subint. a to b? 

Answer Approx so lution =.707070075028 

End Run again. View again, or End? R 

41 

INPUT 

o [RTN] 

o [RTN] 

I [RTN] 

10 [RTN] 

[RTN] 

[RTN] 

0 [RTN] 

0 [RTN] 

I [RTN] 

100 [RTN] 

[RTNJ 

E [RTN] 
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STEP 

c 
1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

ISAMPLE PROBLEM I 

C) Approximate the value of the solution, with initial 

condition x{O)=O, to the differential equation 

dx/dt=t-x2, at t =l. 

I SOLUTION I 

INSTRUCTIONS DISPLAY 

Enter f(x,t) ;n line 100 100 OEF FNF(X,T) =T-X' 2 

Run program ***EULERS METHOD*** 

Enter initial t-va 1 ue Initial t-value? 

Enter initial x-value Initial x-value? 

Enter endpo; nt Endpoint for solution? 

Step size Number of 5ubint, a to b? 

Answer Approx solution =.435594383877 

Repeat Run again, View again. or End? 

Enter initial t-value Initial t-value? 

Enter initial x-value Init; a1 x-value? 

Enter endpoint Endpoint for solution? 

Enter new sub; nterva 15 Number of subint. a to b? 

Answer Approx solution =.445780315035 

End Run again, View again, or End? R 

) 

INPUT 

o [RTN] 

o [RTN] 

1 [RTN] 
) 

16 [RTN] 

[RTN] 

[RTN] 

0 [RTN] 

0 [RTN] 

1 [RTN] 

32 [RTN] 

[RTN] 

E [RTN] 

) 
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) ~I ====~IU~S~E~R~IN~ST~R~U~C~T~I~O~N~S~I====~ 

STEP INSTRUCTIONS DISPLAY INPUT 

1 I ~!~~~e~ ni~grand as ufer 100 . -,." in line 100 OEF FNF(X T)= users function 

2 
" 

Run program ***EULERS METHOD*** 

3 Enter initial t-value Initia l t - value? a [RTN] 

4 Enter initial x-val ue Initial x-value? Xo [RTN] " 

5 Enter endpoint Endpoint for so lution? b [RTN] 

6 Step si ze Number of subint. a to b? n [RTN] 

7 Answer Approx so l ution = [RTN] 

8 Repeat options Run again, View again, or End? R [RTN] 

8a To run again, press [RTN] or 

) 8b To view the answer aga i n, V [RTN] 

enter V [RTN] or 

8e To end the program E [RTN] 

enter E [RTN] 

• 

) 
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I VARIABLE NAMES I 

NAME DESCRIPTION NAME DESCRIPTION 

FNF(X,T) Integrand H Step size 

A Initial t-value F 
Temporary storage for 
i nit; a 1 x-value 

Initial x-value, Iterates of x, flnal 
X~ iterates of X Y apprOXlmatl0n 

B 
Endpoint. point at whicn 

Q$ 
Contro I stn ng tor 

solution ;s to approx- repeat options 
imated. I~~m~jr of subintervals 

N a b is to be divided 

INOTES AND REFERENCESI 

References: Braun, M., DIFFERENTIAL EQUATIONS AND THEIR APPLICATIONS, 
(Springer-Verlag, New York, 1978). 

) 

) 

) 



I 
) 

) 

) 

IPROGRAM LISTING I 

10 
20 
30 
40 
SO 
60 
7 0 
80 
9 0 

100 
110 
1 2 0 
130 
140 
1S 0 
160 

17 0 
18 0 
190 
2 00 
210 
22 0 
230 
2 40 
25 0 

EULER 'S METHOD 
app r o x iMate the valu e of a 
a sol ut ion to a differential 
equation of th e fir st ord e r 
usi ng the fir s t terM 
of th e l aylor expansion 

! ~ ev i 5io n 11 / 01 /1982 
DISP' * * * EULERS ME THOD * * *' 
! Define fu nc t ion to be i n tegrated 
DEF FNF( X, T) = -XA2+T 
! Stor e in itial va lue ,endpoint 
INPUl ' 1.nit1al t-value?';A 
INPUT ' Initial x-va lu e? ' ;X U 
Z~XO 

INPUl 'Endp o in t for so l ut i on ?' i B 
IF A=B THlN BElP @ OISP ' Invalid in 
terva l T or s olution! ' e GOTO 1 2 0 
! Store nUMber of fi uhint er-
! val s frOM a t. b, e OM -
I pute s tep size 
INPUl I NUMber of subint,a to b? " ; N 
DISP I CO Mp utin g . .. ' 
H= (B- A)/N 
I Mai n loo p 
FOR 1=0 TO N-1 
Y=XO+H*FN~(XO,A+I*~1 ) 

260 XO=Y 
270 NEXT I 
280 DISP 'Ap prox so lut ion=' iY 
2~O ! Wait for retu r n ke y t o continue 
3 00 IF NUM( KEYl lt13 THEN 300 EL SE 32 0 
3 10 I Run , oiew,or end 
3;~ O DISP CHR$(210)~ ' un Clga in ,'~CHR$(~~ 14 

)j'iew agai n , or ' .. CHR$( 197) ; 
3~0 INPUl ' nd ?','R'j Q$ @ Q$=UPRC$(Q$[ 

1, 1]) 
340 ON PU S ( ' RVE',QII +1 G01U 320,120,280 

,350 
3S0 ST OP 

-User def in e d fu nct ion 

-Ca lculat e step s ize 

-Calculate approXi Matio n at ith 
tnterval 

-Display ap proxi Mat ion 

-C ontinuation option s 

45 
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IPROGRAM DESCRIPTION I 

NEWTON' S METHOD 

Thi s program finds the root of the equation f(x)=O start ing from an initi al 

guess x=a. The root ;s foun d by the followi ng iteration 

xi+1 = Xi - f(x i )/f ' (xi) 

where the function f(x) is supplied at line 80 and the derivative f'(x) =g(x) 

is supplied at line 110. An initial guess for the root is supplied on request. 

The calcu l ation is expressed as follows: initia l ize counter~ iterates to 

prevent oscillation . 

a = initi al guess 

c=1,a(;)=0 for ;=0,1 , 2 

y=a-f(a)/g(a) 

c=c+1 

If la-y l·< EPS then di sp y, stop 

a(IIOO(c ,3))=y 

If la(2) -a(O)l <EPS then di sp y, stop 

a=y 

iterate a~a in 

[EPS= lE-499 is the smallest available number] 

The iteration converges to the root uncter the conditi on that g(x) + 0 and 

g(x) is monotonically increasing (or decreasing) in the region of interest . 

) 

) 

) 



)cl ======~IS~A~M~P~L~E~P~R~O~B~L~E~M~I====~ 

STEP 
A 
1 

2 

3 

4 

5 
) 6 

) 

A) Calculate 12 as the root of f(x)=x 2-2. In this case 
g(x)=f' (x)=2x. 

I SOLUTION I 

INSTRUCTIONS DISPLAY 

Enter f(x) in line 80 80 DEF FNF(X)=X A 2-2 

Enter f' (x) in line 110 110 DEF FNG( X)=2*X 

Run program ***NEWTONS METHOD*** 

Enter initia l guess Initi al guess? 

Answer Root =1.41421356237 

Repeat Run aga in, View again. or End? R 

INPUT 

1 [RTN] 

[RTN] 

E [RTN] 

47 
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ISAMPLE PROBLEMI 
) 

8) Calcul ate the sma ll est positive root of f(x)=EXP(-x) -SIN(x). 
Here g(x):f ' (x):- EXP( -x) -COS(x). 

I SOLUTION I 

STEP INSTRUCTIONS DISPLAY INPUT 
8 

Enter f (x) in line 80 80 DEF FNF(X):EXP( -X) -SIN(X) 1 

2 Enter f'(x) in line no 110 DEF FNG(X):- EXP( -X) - COS(X) 

3 Run program ***NEWTONS METHOD*** 

4 Enter i ni tia l guess Initia l guess? 1 [RTN] 

5 Answer Root :.588532743982 [RTN ] ) 

6 Repeat Run again, View agai n, or End? R E [RTN] 

) 



,. 

) ISAMPLE PROBLEM I 

STEP 

C 
I 

2 

) 3 

4 

5 

6 

) 

C) Solve Kepler's equation E- e*SIN (E)=M, in which e=0 .01672 

and M=2.567126065. The root of f(x)=x-e*SIN(x) - M, wi ll 

yiel d the des i red solution. The derivative of f (x) is 
g( x) =1 - e.cOS (x) . 

I SOLUTION I 

INSTRUCTIONS OISPLAY 
l nter ~\x), uSlng tne va lues 
for e,M, in l ine 80 tlU Utt t"~n~;1~6~~~"*'lN\A) 

Enter f'lXl. US l ng ~he values 
for e,M. in l ine 110 110 DEF FNG (X)=I-D.01672*COS(X) 

Run program ***NEIITONS METHOD*** 

INPUT 

Enter i nit i al guess In i tial guess? o [RTN] 

Answer Root =2.57608537977 [RTN] 

End Run again. View again, or End? R E [RTN] 

•• 
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ISAMPLE PROBLEM I 
) 

0) The polynomial f(x)=x3-6x2-2x+12 has three real roots. 
Find them! f'(x)=3x 2-1 2x-2. 

I SOLUTION I 

STEP INSTRUCTIONS DISPLAY INPUT 

1 0
1 Enter f(x) in line 80 80 OEF FNF(X)=X'3-6*X' 2-2*X+12 

2 Enter f'(x) in line llO 110 DEF FNG(X)=3*X ' 2-12*X-2 

3 Run program ***NEWTONS METHOO*** 

4 Enter initial guess Initial guess? o [RTN] 

5 Answer Root =6 [RTN] 

6 Run again Run aga in, View again, or End? R [RTN] 
) 

7 Enter initial guess Initia l guess? 1 [RTN] 

8 Answer Root =1.41421356238 [RTN] 

9 Run again Run again, yiew again, or End? - [RTN] 

10 Enter initial guess Initial guess? -1 [RTN] 

II Answer Root =-1 .41421356237 [RTN] 

12 Run again Run again, yiew again, or lnd? R E [RTN] 
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)I~I ====~IU~S~E~R~I~N~S~T~R~U~C~T~I~O~N~S~I=====d 

STEP INSTRUCTIONS OISPLAY INPUT 
Enter ftx) in l ine 80 as 

1 user de ined fu ncti on 80 DEF FNF(X)= users function 

2 
I tnter T"\X! lnllne liU 
as user defined function 110 DEF FNG(X)= derivative of 

users functlon 

3 Run prooram ***NEWTON1S METHOD*** 

4 Enter i nitial guess Initial guess? A [RTN] 

5 Answer Root = [RTN] 

6 Repeat options Run again, View again, or End? R [RTN] 

6a To run again , press [RTN] or 

6b To view the answer again, V [RTN] 

enter V [RTN] or 

) 6c To end the prooram E [RTN] 

enter E [RTN] 

) 
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I VARIABLE NAMESI 
) 

NAME DESCRIPTION NAME DESCRIPTION 

FNF(X) 
Function f(x) whose 
root(s) is (are) to 

A Initial guess 

be found Y Iterate 

FNG (X) Derivative of f(x)=f ' (x) Q$ 
Control stri ng 
for RVE module 

A(I) 
Min i-array, preserving 
last t hree iterates , C Counter used to set A(I) 
; =0, 1, 2 

INOTES AND REFERENCESI 

References: Henrici, P., ELEMENTS OF NUMERICAL ANALYSIS (John Wiley & Sons, Inc . , ) 
New York, 1964). 

Lax , R.S., Burstein, and A. Lax, CALCULUS WITH APPLICATIONS AND 
COMPUTING, (V. 1, Springer-Verlag, New York, 1976). 

) 



I 
) 

10 
20 
30 
40 
50 

60 
70 , 80 
90 

100 
1,10 
i~~O 

1 :10 
140 
1,0 
160 
170 

180 
190 
200 
210 
2;':!O 

) 23 0 
240 
2$0 
260 
270 

280 
~:9 () 
31'10 
3111 
:5~! O 

330 

340 

350 

) 

IPROGRAM LISTING I 

NEWTON 'S METHOD 
~ind s the roots of a 
function by usi ng the fun-

! et ion and its derivative 
DISP' * * * NEWTONS METHOD * * * 
! Revi s ion 11/01 /82 
! Define function 
DEF FNF(X) = EXP(-X)-SIN(X) - Us e r defined function 
! Vefine the derivative of 
1 the function 
D E~ FNGIXI ~ -EXP(-XI-COSIXI 
1 Initialize counter and 
! s topping -c heck array 
C- l @ AIOI - O @ AliI-II @ A121 =0 
1 Initial guess 
INPUT 'Initial guess?' iA 
I F ~NGIAI = O THEN BEEP e DISP 'In.a l 
lei guess!' @ GOTO 160 
1 Iterat e and s tep counter 
Y=A- FNFIAI/FNGIAI 
C=C+l 
DISP 'C urrent iterate=';Y 
1 Stopping cr ite r ion and 
! c heck for osc illatory 
! behavior of ap pro x iMat ' n 
IF ABSI A- YIIEPS TH EN 280 
AIMOllIC ,:III-Y 
IF ABSCA(2)-ACO»{EPS lHEN 28 0 ELSE 

A'''Y e GerrO 190 
lJlSP 'Root=' jY 
! Wait ~or return key to conti nue 
IF NliMIKEY$ll13 THEN 300 ELSE 3 10 
! ~un ) view , or end 
DISP CHR$(;::10) ; 'un i:lfJdin,' jCHR$(;=1.4 
);' l e w again) or' ; CHIU( 197) j 

INPUl 'nd?' ,'R'; Q$ ~ Q$-UPR C$IQ$ rl 
, 11) 
ON POS ('RV~',Q$)+1 GOlD 320 ,160 ,28 0 
,350 
STOP 

-Check val idi ty of gues s 

-Test for s topping 

-·Te s t for sto pp in g 

··· Di s play root 

- Continuation optio ns 

53 
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IPROGRAM DESCRIPTION I 

TRAPEZOIDAL RULE FOR ORDINARY DIFFERENTI AL EQUATIONS 
This method ;s an advancement of Euler ' s method in solving the initial 

value problem 

x'(t) = ~ = f(x,t) 

;n the neighborhood of t=a where the value x(a) ::: Xo ;s assigned. The 

solution x(t) is expanded using a second order Taylor polynomial about the 

point t 

x(t+h)=x(t)+hx'(t)+(h2/2)x"(t)+O(h3) 

Substituting the differential equation and its derivative into this equation 

yields: 

x(t+h)=x(t)+h(f(x,t)+(h/2)(ft (x,t)+f
X
(x,t)f(x,t)))+O(h3) 

The factor of h ;n this equation ;s approximated by 

(f(x,t)+f(x+hf(x,t),t+h))/2 = g(x,t,h) 

The program computes the series of iterates 

x·+I=x.+hg(x.,t.h) 
, 1 1 1 

in which t;=a+ih, ;=0, • • . ,n-l, with xn the final approximation at t=b, 

and h=(b-a)/n. 

f, the function, ;s supplied at line 90. 

a,xo ' b, and n are entered by the user when requested. 

The calculation ;s expressed as follows: 

h=(b-a)/n 

FOR i=D to n-I 

y=xO+h g(xo ' a+;h, h) 

x =y o 

NEXT i 

display y 

calculate step size 

calculate n sums 

update Xo 

) 

) 

) 
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STEP 
A 

1 

2 

3 

) 
4 

5 

6 

7 

8 

9 

10 

11 

12 

• 13 

14 

) 

Enter 

ISAMPLE PROBLEM I 

A) Approx imate the value of the solut i on, with initial 

condit i on x(2)=2. to the differenti al equation 

dx/dt=l -x/t, at t=2.1. 

I SOLUTION I 

INSTRUCTIONS DISPLAY 

f(x,t) in line 90 90 DEF FNF(X,T)=I-X/T 

Run program **TRAPEZOIDAL RULE FOR ODE** 

Enter initial t-val ue Initial t-val ue? 

Enter initial x-value Initial x-value? 

Enter endpoint Endpoint for sol uti on? 

Enter number of subinterva l s Number of subintervals a to b? 

Answer Approx so l ut i on =2.00238095239 

Repeat Run again, View aga in , or End? 

Enter i nit i al t-value Initial t-va 1 ue? 

Enter i niti a 1 x-val ue Initial x-value? 

Enter endpoint Endpoint for solut i on? 

Enter new subintervals Number of subinterva l s a to b? 

Answer Approx so lution =2 .00238095239 

R 

End Run again, Vi ew again, or End? R 

55 

INPUT 

2 [RTN] 

2 [RTN] 

2.1 [RTN] 

8 [RTN] 

[RTN] 

[RTN] 

2 [RTN] 

2 [RTN] 

2.1 [ RTN] 

64 [RTN] 

[RTN] 

E [RTN] 
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STEP 
B 
1 

2 

3 

4 

5 

6 

7 

7a 

8 

9 

10 

11 

12 

13 

ISAMPLE PROBLEM I 

B) Approximate the value of the solution. with initial 
condition x{D)=!. to the differential equation 

dx/dt=x, at t=1 and t=-I. 

I SOLUTION I 

INSTRUCTIONS DISPLAY 

Enter f(x,t) in line 90 90 DEF FNF(X,T)=X 

Run program **'TRAPEZOIDAL RULE FOR OOE*** 

Enter initial t-value Initial t-value? 

Enter initial x-value Initial x-value? 

Enter endpoint Endpoint for solution? 

Enter number of subintervals Number of subintervals a to b? 

Answer Approx solution =2.71784967399 

Run again Run again, View again, or End? 

Enter initial t-value Initial t-value? 

Enter initial x-value Initial x-value? 

Enter endpoint Endpoint for solution? 
tnter new num~er 
of sub; nterva 1 s Number of subintervals a to b? 

Answer Approx solution =.367894587051 

End Run again, View again, or End? 

) 

INPUT 

o [RTN] 

1 [RTN] 

1 [RTN] ) 
32 [RTN] 

[RTN] 

R [RTN] 

o [RTN] 

1 [RTN] 

-1 [RTN] 

64 [RTN] 

[RTN] 

R [RTN] 

) 



STEP 

C
1 

2 

3 

4 
) 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

) 

ISAMPLE PROBLEM I 

C) Approximate the value of the so lution, with initial 
condition x(O)=O. to the differential equation 
dx/dt=3t2 + 1000(t3-x) at t=l. 

I SOLUTION I 

INSTRUCTIONS OISPLAY 

Enter f( x,t) in line 90 90 OEF FNF(X,T)=3*T' 2+1000(r3-X 

Run proqram ***TRAPEZO[OAl RULE FOR ODE*** 

Enter initi al t-value Initial t-value? 

Enter initial x-va l ue Initial x-val ue? 

Enter endpoint Endpoint for solution? 

Enter number of subinterval s Number of subinterval s a to b? 

Answer App rox soluti on =2.78826181824El 

Repeat Run again, View again, or End? R 

Enter initial t-value Initial t - va lue? 

Enter initial x- value Init; a 1 x-value? 

Enter endpoint Endpoint for solution? 
Enter new numbers 
of subintervals Number of subintervals a to b? 

Answer (takes a few minutes) Approx so 1 ut i on =1. 000002996 

End Run again, View again, or End? R 

57 

INPUT 

0 [RTN] 

o [RTN] 

1 [ RTN] 

100 [RTN] 

4 [RTN] 

[RTN] 

0 [RTN] 

o [RTN] 

1 [RTN] 

1000 [RTN] 

[RTN] 

E [RTN] 



5. 

IUSER INSTRUCTIONS I 

STEP INSTRUCTIONS DISPLAY INPUT 
Place integrand as a user 

FNF(X.T)= u,er, 1 defined function in line 90 90 OEF function 

2 Run program ***TRAPEZOIDAL RULE FOR ODE*** 

3 Enter initial t-value Initial t-value? a [RTN) 

4 Enter initial x-value Initial x-value? Xo [RTN) 

5 Enter end po; nt Endpoint for solution? b [RTN) 

6 Enter number of subintervals Number of subintervals a to b? n [RTN) 

7 Answer Approx solution = [RTN) 

8 Repeat options Run again, View aga in, or End? R [RTN) 

Sa To run again. press [RTN) or 

8b To vi ew the answer again, V [RTN) 

enter V [RTN) or 
) 

8e To end the program E [RTN) 

enter E [RTN) 



j IVARIABLENAMESI 

NAME DESCRIPTION NAME DESCRIPTION 
Number of subinterva ls lnt 

FNF(x,t) Integrand N wh i ch [a,b] is to be 

FNG( x,t, h) Trapezoidal (approx imati on) 
suodivided 

A Initia l t-value H Step size 
Initia l x-value, Temporary storale for 

X iterated values T original ;nitia x- value 
Endpoint or t -value where Iterates of x, final 

B solution is to be approxi- Y aDDrox imation 
mated Control string for Run, 

Q$ Vi ew or End 

J INOTES AND REFERENCESI 

) 

References: Gear, C.W., NUMERICAL INITI AL VALUE PROBLEMS IN OROINARY OIFFERENTIAL 
EQUATIONS, (Prentice- Hall, Englewood Cliffs, 1971). 

59 
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IPROGRAM LISTING I 

10 I lRAPEZOlDAL RULE FOR ODE 
20 ApproxiMate the value of 
30 a solution to a first 
40 order differential aquat'n 
SO using trapezoidal SUMS 

60 Revision 11/01/1982 
70 DIS? '. * TRAPEZOIDAL RULE FOR ODE 

* *' 80 1 Define function to be integrated 
90 DE~ FNF(X,T) = 3*T A 2+iOOO*CT A 3-X) 

100 1 Define trapezoidal approxiMation 
to f(x,t) . 

110 DEF FNGeX , ' ,H) :;:: (FNF(X,TH-FNF(X+H* 
FNF(X,T>,THO)/2 

120 ! Store initial value,endpoint 
130 INPUT 'Initial ,-value?' jA 
140 INPUT 'Initial X-Value?' ,XO 
150 Z=XO 
160 INPUl 'Endpoint fOf' solution?' jS 
170 IF A=B THLN BEEP e DISP 'Invalid in 

tarval for solution!' @ GOTD 130 
180 ! Store nUMber of subinter-
190 ! vals frOM a to b,COMpute 
200 ! step size 
210 INPUT 'NUMber of subintervals,s TO 

b? I j N 
220 VISP 'CoMputing ... ' 
230 H=(B-A)/N 
240 ! Mai.n loop 
2S0 FOR 1=0 TO N-l 
260 Y=XO+H*FNC(XO/A+I*H,H) 
270 XO=Y 
'.~BO NEXT I 
~?90 DISP 'Approx ~;olution=' iY 
300 ! Wait for return kay to continu. 
310 IF NUMIKEY$).13 THEN 310 ELSE 330 
320 t Run/view/ or end 
330 DISP CHR$(210),'un again,',CHRI1214 

)j'iew again, or 'jCHR$(197)j 
340 INPUl '"d" ,'R', Q$ e Q$~UPRC$IIl$[l 

,1] ) 

3S0 ON POS(/RV~I,Q$)+i COlO 330/130/290 
,360 

360 STOP 

-User defined function 

-COMpute step size 

-ACCUMulate approxiMation 

-Display approxiMation 

-Continuation options 

) 

) 



I IPROGRAM DESCRIPTION I )~==~~~~~~~~~~==~ 

) 

) 

RUNGE -KUTTA 

The RUNGE - KUTlA program uses the fourth-order Runge-Kutta method to 

provi de a numerical approximation to the so lu tion x(t) of the ordinary 

different i al equation 

dx/dt=x ' (t)=f(x ,t ) 

;n the neighborhood of the point t=a where the boundary value 

x(a)=xo 
;s specified. To determine the value of x at t=b, the program comrutes 

a series of values x at n intermed iate points tm: m 

xm+l = xm+ hg(xm ,tm,h ) 

h _ (b - a)/n 

tm - a + mh m=O.l ••• . ,n- l 

The i ncrement function 9 ;s defined by 

g(xm,tm,h) = (k1 + 2k2 + 2k3 + k4 )/6 

k1=f(x ,t ) r,l m 

k2 = f(x +hkl/2,t +h/2) m m 
k3 = f(xm+hk2/2,tm+h/2) 

k4 = f(xm+hk3,tm+h) 

The user enters the f uncti on f as a BASIC statement function ; n line 90 of 

the program. The program will halt during execution to prompt the user to 

imput va lues for a.b,xo' and n. Note that ;n genera l . the accuracy of the 

result increases with sma ll er step si ze, i.e • • with increas ing n, but execu-

tion time also increases proportionate ly. The disp l ay will show the value of 

each success i ve xm as it i s computed. 

61 
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STEP 
A 

I 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

ISAMPLE PROBLEM I 

A) Approximate the value of the solution. with initial 
condition x(a)=.5 to the differentia l equation 
dx/dt=I+(x_t)2, at t=l. 

I SOLUTION I 

INSTRUCTIONS OISPLAY 

Enter f(x ,t) ; n 90 90 DEF FNF(X,T)=I+(X-T)A2 

Run program ***RUNGE-KUTTA METHOD*** 

Enter initial t-value Initial t-value? 

Enter initi al x-value Initial x- val ue? 

Enter end point End point for solution? 

Step size Number of subintervals, a to b? 

Answer Approx solution=I.9999999244 

Repeat Run again, View again, or End? R 

Enter initial t-va 1 ue Initial t - value? 

Enter initial x-va l ue Initial x-va l ue? 

Enter end poi nt End point for solution? 

Enter new step $; ze Number of subintervals a to b? 

Answer Approx solution=I.99999999991 

End Run again, View again, or End? R 

) 

IN PUT 

o [RTN] 

.5 [RTN] 

I [RTN] ) 

20 [RTN] 

[RTN] 

[RTN] 

o [RTN] 

.5 [RTN] 

I [RTN] 

100 [RTN] 

[RTN] 

E [RTN] 



~ ISAMPLE PROBLEM I 

STEP 
B 
1 

2 

3 

) 4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

) 

B) Approximate the value of the so lution, with initial 
condition x(l)=-l, to the differential equation 
dX/dt=l/t ' -x/t-x ' , at t=2 . 

I SOLUTION I 

INSTRUCTIONS DISPLAY 

Enter f (x,t) in 90 90 DEF FNF(X)=I/T "2-X/T-X"2 

Run program "'RUNGE-KUTTA METHOD'" 

Enter in i tial t - va lue Initial t -val ue? 

Enter init; al x-va lue Init ial x-va lue? 

Enter endpoint Endpoint for sol ution? 

Step s ize Number of subi ntervals a to b? 

Answer Approx so luti on =- .499999961648 

Repeat Run agai n, Vi ew again, or End? R 

Enter initial t-va l ue Init i al t-va 1 ue? 

Enter initi al x- val ue Initial x- va lue? 

Enter endpoi nt Endpoint for solution? 

New step size Number of subinterva l s a to b? 

Answer Approx so lut i on =- .499999999852 

End Run again, View agai n, or End? 

63 

INPUT 

1 [RTN] 

-1 [RTN] 

2 [RTN] 

32 [RTN] 

[RTN] 

R [RTN] 

1 [RTN] 

-1 [RTN] 

2 [RTN] 

128 [RTN] 

[RTN] 

E [RTN] 
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STEP 
C 
1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

ISAMPLE PROBLEMI 

C) Approximate the value of the solution. with initial 

condition x( - I)=.009900990099. (.0099-1/101), to the 
differential equation dx/dt=-200tx2• at t=o. 

I SOLUTION I 

INSTRUCTIONS DISPLAY 

Enter f (x ,t) in line 90 90 DEF FNF(X,T) =-200*T*X A 2 

Run proqram ***RUNGE-KUTTA METHOD*** 

Enter initial t-value Initial t-value? 

INPUT 

-1 [RTN] 
.00990099009 

Enter initia l x-value Initial x-value? [RTN] 

Enter endpoi nt Endpoint for solution? o [RTN] 

Step size Number of sub; nterva 15 a to b? 100 [RTN] 

Answer Approx solution =.999972322634 [RTN] 

Repeat Run again. View again. or End? R R [RTN] 

Enter initial t -value Initial t - va l ue? -1 [RTN] 

Enter initia l x-value Initial x-value? 0099 [RTN] 

Enter enctpoi nt Endpoint for sol ution? o [RTN] 

Enter new step size Number of subintervals a to b? 1000 [RTN] 

Answer Approx solution =.999999996471 [RTN] 

End Run again. View again. or End? R E [RTN] 

) 

) 
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IUSER INSTRUCTIONS I 

STEP INSTRUCTIONS OISPLAY INPUT 

1 
Place integrand as a user 

90 DEF FNF(X,T) = users defined function in line 90 function 

2 Run program ***RUNGE-KUTTA METHOD*** 

3 Enter initial t-va lue Initial t-value? a [RTN] 

4 Enter initial x-value Initi al x- va l ue? Xo [RTN] 

5 Enter endpoint Endpoi nt for solut i on? b [RTN] 

6 Step size Number of subintervals a to b? n [RTN] 

7 Answer Approx so lution = [RTN] 

8 Repeat options Run again, Vi ew again, or End? I R [RTN] 

8a To run aga i n, press [RTN] or 

) 8b To vi ew the answer again, V [RTN] 

enter V [RTN] or 

8e To end the program E [RTN] 

enter E [RTN] 

) 
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I VARIABLE NAMES I 

NAME DESCRIPTION NAME DESCRIPTION 

FNF IX n Intenrand H SteD size 

Weighted functional 
Temporary storage for 

K I' K2 T oriainal initial x-value 
K3, K4 evaluations of f(x,t) Temporary independent vari 

U able to simnlifv formulas 

A Initial t-value B 
End~o;nt. fina l point of 
eva uation for solution 

0$ 
Control string for Run Iterates of X, final 
aaain View aoain or End Y I ilnnrnximation 
Number of subintervals Initial x-value. 

Xo iterated va 1 ues 
N into which [a,b] is 

subdivided 

INOTES AND REFERENCESI 

References: Conte, S.D., and deBoor, C., ELEMENTARY NUMERICAL ANALYSIS , (McGraw 
Hill, New York, 1980). 

Stoer, J., and Bulirsch, R., INTROOUCTION TO NUMERICAL ANALYSIS, 
(Springer-Verlag, New York, 1980). 

) 

) 



I IPROGRAM LISTING I 
) 

10 
20 
30 
40 
50 
60 
70 

80 
90 

100 
110 
j,:~ 0 
130 
140 
150 

160 
170 
180 
190 

200 

) 
210 
220 
230 
240 
250 

260 
270 
2130 
290 
300 
:110 
320 
3;'0 
:140 
3~0 

360 

370 

kUNGE -K UTTA METHOD 
ApproxiMate the value of a 
a sol ution to a first 
order differential equat'n 
using parabolic S UMS 

! Revi sion 11 /0 1 /1982 
DISP , • I I RUNGE -K UllA MEl HOD * I .' ! Define function to be integrated 
DEF FNF(X,T) = -20a*T*X A 2 
! Store initial value,endpoint 
INPUT 'Initial t-value?' ,A 
INPUT 'Initial x-value?' ,XO 
Z=' XO 
INPUl 'Endpoint for solution?' jB 
IF A~B THEN BElP @ VISP 'Invalid in 
t er Y a 1 for sol uti 0 n !' @ GOTD 110 
! Store nUMber of subinter-
! va Is frOM a to b,COMpute 
! step s ize 
INPU1 'NUMber of subintervals,,;} to 
b?' ; N 
IJI SP 'COMp uting . 
H=(B-A)/ N 
! Main loop 
FOR 1= 0 TO N-1 
U=A+IIH 
K1=FNF(XO,U) 

K2 =FNF(XO+H*K1/2,U+H/2) 
K3 =FNF(XO+H*K2/2 J U+H/2) 
K4 ~FNF(XO+H*K3 , U+H) 

Y=XO+H*(Kl+2*K2+2*KJ+K4)/6 
XO=Y 
NE XT I 
DISP 'Approx solution~'jY 
! Wait for return key to continue 
IF NUM(KEY$)t13 THEN 340 ELSE 360 
! Run,vlew, or end 
DI SP CHRS( 2 10 );' un aqain,'jCHR$(214 
)j' iew again, or 'jCHR$(197) j 
INPUl 'nd?','R'; Q$ @ (,{$::::UPRC$(Q$[l 
, 11) 

3 80 ON POS(' RVE ', Q$)+l G010 360,110,320 
,390 

390 S TOP 

) 

- User defined function 

-COMpu te s t ep s i ze 

- Calculate weigh ted evaluations 
of f(x,t) 

- ACCUMulate approxiMation 

-Di s play approxiMation 

- Continuation options 

67 
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IPROGRAM DESCRIPTION I 

CONTRACTION MAPPING 

A function f which has the property that there exists a positive number 5, 

s<l, for which If(x)-f(y) I<s lx-y l', for all x,y, is called a contractive 

mapping. Using comparison with the geometric series of ratio 5, the sequence 

of iterates xn+1=f(xn) converges to a unique fixed point, defined by f(x)=x. 

This program can be used to find the root of an equation g(x)=O provided 

that g(x) can be written as g(x)=x-f(x) and If '(x)l <l in the reqion of 

interest. 

Algorithm for Contraction t~app;ng 

f, the function, ;s supplied at line 70. 

Xa' the initial guess, ;s entered as requested. 

The calculation is expressed as follows: 

c=1,a(;)=0. ; =0,1,2 initialize counter, iterates to prevent oscillation. 

test for stopping: disp xl,stop 

a (mod (c,3) )=x1 
disp (x1+xo)/2 

x =x a 1 

iterate again 

if la(2) -a(O) I<EPS and if 
Ix1-xo lsEPS 

if la(2)-a(O)lsEPS 

[EPS= lE-499 is the smallest available number] 

) 

\ 
/ 



STEP 

A 
1 

2 

3 

) 
4 

5 

) 

ISAMPLE PROBLEMI 

A) Find the fixed point of f(x)=l+iarctan (x) . Since 

tft(x) j<; for all x, f ;s contra ct i ve and so has a 
fixed point. 

I SOLUTION I 

INSTRUCTIONS DISPLAY 

Enter f(x) in l ine 70 70 OEF FNF(X)=I+ATN(X)/2 

Run program ***CONTRACTI ON MAPPING*** 

Enter initial guess Initial guess? 

Current iterate s ro ll 

Answer Fi xed point =1.48982393006 

End Run again. View again, or End? 

69 

INPUT 

1 [RTN J 

[RTNJ 

R [RTNJ 



70 

STEP 

81 

2 

3 

4 

5 

ISAMPLE PROBLEMI 

8) Find the fixed point of f(x)=;-x+2 for x~O. Since 
If'(x) l<t for x,O, f is contractive. Note that the 
fixed point satisfies the equation, x2- x- 2=O. 

I SOLUTION I 

INSTRUCTIONS OISPLAY 

Enter ftx) in line 70 70 OEF FNF(X)=SQR(2+X) 

Run program ***CONTRACTION MAPPING*** 

Enter initial guess Init i al guess? 

Current iterates roll 

Answer Fixed point =2 

End Run again, View again. or End? R 

INPUT 

1 [RTNJ 

[RTNJ 

E [RTNJ 

) 

1 
J 



STEP 

C 
I 

2 

3 

4 

5 

6 

7 

8 

9 

10 

II 

) 

ISAMPLE PROBLEM I 

C) Fi nd t he smal lest positive root of EXP( -x) -SIN(x). 
A fixed paint of f(x)=x+EXP (-x) -SIN(x) wi l l be a root. 
The der ivat ive, f ' (x)=I-EXP( -x) -COS(x), is itself 
increas i n9, so on [a,n/2], i n which a>O, If ' (x) 1<1 and 
f ;s a contract ion on [a , ~/2] . Now fi nd a co upl e of 
more roots . 

I SOLUTION I 

INSTRUCTIONS OISPLAY 

Enter fix) i n li ne 70 70 OEF FNF(X)=X+EXP( -X)-SIN(X) 

Run program "'CONTRACTION MAPPING'" 

Enter i nitial guess from 

(a,n/2) Init i al guess? 

Answer Fixed po in t =.58853274398 

Run again Run again, View again, or End? R 

Enter initial queS$ Init; a1 Quess 

Answer Fixed po i nt =6.28504927338 

Run aqa i n Run aoa i n, View aqa i n, or End? 

Enter init ial guess Initial guess 

Answer Fixed po int =12.5663741017 

End Run aoa i n. View again, or End? 
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INPUT 

I [RTN] 

[RTN] 

[RTN] 

4 [RTN] 

[RTN] 

[RTN] 

10 [RTN] 

[RTN] 

E [RTN] 
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STEP 

D 
1 

2 

3 

4 

5 

ISAMPLE PROBLEMI 

D) Find the root of x4 -4x3+2x2_4x+I=0 on [0,1]. In fact, 

there is a root on [0,1] s i nce the val ue of the polynomial 
at a and at 1 changes sign. Factoring x and placing 
-1 on the right hand side of the equat i on yields 

x(x3 -4x2+2x- 4}= -1. So we find the f ixed point of 
f(x)=-I/(x3-4x 2+2x -4) on [0,1] . 

I SOLUTION I 

INSTRUCTI ONS DISPLAY 

Enter f(x) in 1 i ne 70 70 DEF FNF(X)=- I/(X'3- 4*X'2+2*X- 4) 

Run program ***CONTRACTION MAPPING*** 

Ente r init i al guess Init i al guess? 

Answer Fi xed point =. 267949192431 

Run again Run again. View agai n, or End? R 

INPUT 

[RTN] 

.5 [RTN] 

[RTN] 

E [RTN] 

) 

) 
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I )'F==::::::!..I U~S~E~R~I~N~S~T~R~U~C~T~I~O~N~S~I === 

STEP INSTRUCTIONS DISPLAY INPUT 

1 
Enter !~xl as user defined 
functi on in li ne 70 70 OEF FNF(X)= user fun ct ion 

2 Run program ***CONTRACTION MAPPING*** [RTN) 

3 Enter initi al guess In iti al guess? Xo [RTN) 

4 Answer Fixed point = 

5 Repeat opti ons Run aga in. View again, or End? R [RTN) 

Sa To run again, press [RTN) or 

5b To view the answer again, V [RTN) 

enter V [RTN) or 

5c To end the program E [RTN) 

) enter E [RTN ) 
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I VARIABLE NAMES I 

NAME DESCRIPTION NAME DESCRIPTION 
FunctlOn wlth contractlVe 

FNF(X) orooertv Xo Initial guess 

A( I) 
Mini array saves l ast 3 

X, Iterate iterates i-O 1 2 

C Counter for sett i ng A(I) Q$ 
~?ntrol string for 
RVE module 

INOTES AND REFERENCESI 

References: Braun, M., DIFFERENTIAL EQUATIONS AND THEIR APPLICATIONS, (Springer­
Verlag, New York, 1978). 

Conte , S.D., and deBoor, C., ELEMENTARY NUMERICAL ANALYSIS, (McGraw- ) 
Hill , New York, 1980) . 

deBoor, C. and Rosser, J.B., POCKET CALCULATOR SUPPLEMENT FOR CALCULUS, 
(Addison-Wes ley, Reading, 1979). 



IPROGRAM LISTING I 
\ 

10 I CONTRACTION MAPP ING 
2 0 ~ind s t h e fixed point of a 
30 ! contrac tiv e Map pin g 
40 DI Sr '* * * CON1RAC1ION MAPPING * * 

*' S O ! Reuisio n 11/01/1982 
60 ! ~ efi n e fu n c t i on 
70 DEF FNF(X) = X+EXP(-X)-SI N( X) 
80 ! Ini tialize counter and 
90 ! stopping check 

100 C=I e A(O )= O e A(I)-O e A( 2)= 0 

110 ! Initial guess 
1 20 INPUl 'Initia l guess?' ~XO 
130 ! lt erate and step counter 
140 XI =FNF< XO) 
ISO C=C+! 
160 DISP 'C urrent iterate~/;X l 
17 0 ! Stop p ing c ri terion and 
180 ! check for osc ill atory 
190 ! behavior of a ppro xiMati on 
200 IF ABS(Xl-XO)(EPS THEN 230 
210 A(MOD(C,3»=Xl 

) 22 0 IF ABS(A(2)-A( O» (EPS lHEN 230 tLS~ 
XO=X I e GO m 140 

23 0 UlSP 'Fixed point =';X l 
240 ! Wait for re turn key to continue 
250 IF NUM(K~Y$)t13 TH EN 250 ELSE 260 
260 ! Ru n, view, or e nd 
270 DISP CHR$(210)i'un again,' iCHR$(214 

)i'j,ew aqatn,or I .iC H R~; (t 97); 

280 INPUl 'ncJ?', 'R' j Q$ e Q$::."LJPRC$(I~$l1 
, 1] ) 

290 ON POS('RVt',QS)+1 GOlD 270,120,230 
, ~lj 0 0 

300 S TOP 

- User defined function 

-I nit ia li ze COIJnter, array for 
osc il].a tory iterates 

- Def in e A(l) -) A(3) to be t he 
c:urrent i ter'ate 

-Check for oscil l atory iterates 

-Co ntinuation optio ns 
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NOTES 

) 

) 
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MATH II 

M IDPOINT RULE FO R INTEGRATION 
TRAPEZOIDAL RULE FOR INTEGRATION 
ROMBERG RULE FOR INTEGRATION 
SIMPSON 'S RULE FOR INTEGRATION 
NEWTON- COTES RULE FOR INTEGRATION 
EULER'S METHOD 
NEWTON'S METHOD 
TRAPEZOIDAL RULE FOR ORDINARY DIFFERENTIAL EQUATIONS 
RUNGE· KUTTA 
CONTRACTION MAPPING 

ALL Hp· 75 SOLUTIONS BOOKS ARE AVAILABLE RECORDED ON MINI· DATA CASSETTES 
FROM EITHER A HEWLETT· PACKARD DEALER OR THE HP USERS' LIBRARY. 

FlijiYj HEWLETT 
~e. PACKARD 

00075-90062 Prin ted in U.S.A. 

Reorder No. 
00075-13004 

) 

I 

) 



 
 

 
Scan Copyright © 

The Museum of HP Calculators 
www.hpmuseum.org 

 
Original content used with permission. 

 
Thank you for supporting the Museum of HP 

Calculators by purchasing this Scan! 
 

Please do not make copies of this scan or 
make it available on file sharing services. 

 


