HEWLETT-PACKARD

HP-75

USERS’ LIBRARY SOLUTIONS
Math 111




NOTICE

The program material contained herein is supplied without
representation or warranty of any kind. Hewlett-Packard
Company therefore assumes no responsibility and shall
have no liability, consequential or otherwise, of any kind
arising from the use of this program material or any part
thereof.



0/ cackaro
HP-75 SOLUTIONS BOOK/MEDIA ORDER FORM

All HP-75 Solutions Books are available recorded from the Users’ Library* or from any Hewlett-Packard Full
Service Dealer. The individual Solutions Books are $12.50 each; recorded mini-data cassettes are $12.00 for
each Solutions Book requested.

Telephone the Users’ Library directly (503-757-2000, ext. 3371) with your Solutions Book request, your order
will ship that SAME DAY; or, call our TOLL FREE number (800-547-3400, Continental U.S. only), and orders
ship within 48 hours. Mail requests also ship within 48 hours of receipt.

HP-75 Users’ Library Solutions Books

00075-90061 Math |
00075-90062 Math Il
00075-90063 Math Ill
00075-90065 Games
00075-90066 Electronics
00075-90067 Statistics
00075-90070 Real Estate
00075-90071 Finance
00075-90076 Test Statistics
Solutions Book . Book Mini-Data .
Part Number Title Only Cassettes | Price
00075-90____
00075-90____
00075-90
Please add Handling Charge on orders including Solutions Books 3.50
State and Local Taxes
TOTAL
All payments must be in U.S. dollars and drawn on a U.S. bank.
Send orders (with payment) directly to: HEWLETT-PACKARD USERS’ LIBRARY
1000 N.E. Circle Blvd.
Corvallis, Oregon 97330
[] Payment enclosed (] Master Card [] VISA [] Purchase order
Cerd Number/Company Purchase Order Exp
Name
Company (if applicable)
Address Telephone
City State/Country Zip

*Recorded Solutions Book programs shipped to U.S. customers only.

B2H8






TABLE OF CONTENTS

FAST FOURIER TRANSFORM . . . . . . . . by Frank Flaherty 1

This program computes the direct or inverse discrete Fourier trans-
form of a function or data points using the Cooley-Tukey algorithm.

FAST FOURIER SERIES/TRIGONOMETRIC INTERPOLATION
e e B e A s i it ) SO T G Flaherty 14

This program takes as input data points or a periodic square-
integrable function on [0, 2pi] and estimates its Fourier co-
efficients, using the Cooley-Tukey algorithm.

ATTENUATED FOURIER SERIES . . . . . . by Frank Flaherty 26

This program estimates the Fourier coefficients of a piecewise-
linear approximation to a periodic square integrable function on
[0, 2pi] using the Cooley-Tukey algorithm.

SPHERICAL HARMONICS . . . . . . . . . by Frank Flaherty 35

This program computes the spherical harmonics (eigen functions of
the Laplace operator on the unit sphere) Yﬂ () using a recurrence
relation.

ELLIPTIC INTEGRALS . . . . . +« . . . . by Frank Flaherty 43

This program computes complete and incomplete elliptic integrals
of the first and second type. The method of computation is based
on jteration using the Landen transformation.

BESSEL FUNCTION: ASYMPTOTIC EXPANSION
o o e o o ey oy v v w . by Frank Flaherty 55

This program computes Bessel functions of the first and second
kind for arbitrary order and large positive arguments, using an
asymptotic series.

BESSEL FUNCTIONS: BACKWARD RECURRENCE
oy v v v oy v v v o v vy by Frank Flaherty 60

This program computes the Bessel functions Jm(z) for positive z
and for non-negative integral order m.

GAMMA FUNCTION . . .+ + + + + + + . . by Frank Flaherty 65

This program extends the factorial function to arbitrary values
using an asymptotic approximation to the analytic continuation.



9.

10,

TABLE OF CONTENTS (continued)

ERROR FUNCTION . . . . . . . . . . . . by Frank Flaherty 71
This program computes the integral.

LEGENDRE POLYNOMIALS . . . . . . . . . by Frank Flaherty 76
Orthogonalizing the polynomials 1,X,X2, e e, X" on the interval

[-1, 1] with respect to the inner product <f,g> = f(t), g(t) dt
yields the Legendre polynomials. Using a recurrence relation this
program computes the value of the Legendre polynomials.



PROGRAM DESCRIPTION

FAST FOURIER TRANSFORM

Given a complex vector u=(a0,...,an_l), this program computes the Fourier

transform coefficients

S | -2 M1
Bm = ﬁE o e n 0<k<n-1
The inverse coefficients are
m
o2 k/~1 0sksn-1

Bm ) E Ok
Algorithm: Input n,(m=1092(n)L data points a(*), b(*) or input z(t)
ror i=0 to n-1 step 1
Input a(i) = a(i) + /=1 b(i) or evaluate z(i)

Movt i

[ASPAN

Def bit reversing function r(k)

Set flag f=1 for inverse, f=-1 for direct
For k=m-1 to 0 step -1

For p=0 to n-1 step-2k+1

s=r(p/2X)

€1=cos(2ﬂs/n) + V=1 sin(2ws/n)f

For j=0 to 2k—1 step 1

£, o(§+p+2k)

a(j+p) = (i) + &,
a(#p42%) = a(3#p) -2,
Next j

Next o

Next k




PROGRAM DESCRIPTION

FAST FOURIER TRANSFORM (continued)

For i=0 to n-1 step 1

If r(i)>i, swap a(i), a(r(i))
Next i

For i=0 to n-1 step 1

If f=-1disp 8(i)=a(i)/n

If f=1 disp 8(i)=a(i)

Next i
Stop



SAMPLE PROBLEM

A) Compute the Fourier transform (direct) of the

(
following data pairs a(0) = (1,2)
a(l) = (4,1)
a(2) = (-2,0)
a(3) = (3,-1)
_ISOLUTIONL
STEP INSTRUCTIONS DISPLAY INPUT
A1 Run program **%* FQURTER TRANSFORM ***
2 |Enter number of data points: Number of data points? 4 [RTIN]
3 |Select data as input: Function or Data points?F D [RTN]
4 |Enter data: Real part of «(0)? 1 [RTN]
Imag part of «(0)? 2 [RTN]
Real part of a(l1)? 4 [RTN]
Imag part of a(1)? 1 [RTN]
Real part of a(2)? -2 [RTN]
Imag part of a(2)? 0 [RTN]
Real part of o(3)? 3 [RTN]
Imag part of o(3)? -1 [RTN]
5 |[Continue: Recheck data or Continue?R C [RTN]
6 |Select direct transform: Direct/Inverse transform?D [RTN]
Computing...
7 |View each point by pressing Real part of 8(0)=1.5 [RTN]
[RTN]. Pressing [BACK] will Imag part of 3(0)=.5 [RTN]
goto the previous point. Real part of B(1)=1.25 [RTN]




|ISOLUTION!|

STEP INSTRUCTIONS DISPLAY INPUT
Imag part of B(1)=.249999999998 |[RTN]
Real part of g(2)=-2 [RTN]
Imag part of g(2)= . [RTN]
Real part of g(3)= .25000000003 | [RTN]
Imag part of g(3)=.730000000003 | [RTN]
8 |End program. Run again, View again, or End?R | E [RTN]

pa— .
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SAMPLE PROBLEM

B) Find the inverse Fourier transform of the data

patinsisafdyamsdatolml i dim O aaiois3
[SOLUTIONL
STEP INSTRUCTIONS DISPLAY INPUT
1 |Run program *%% FOURIER TRANSFORM ***
2 | Enter number of data points: Number of data points? 4 [RTN]
3 |Select data as input: Function or Data points?F D [RTN]
4 |Enter data: Real part of «(0)? 0 [RTN]
Imag part of «(0)? 0 [RTN]
Real part of a(l)? 1 [RTN]
Imag part of a(l)? 1 [RTN]
Real part of «(2)? 2 [RTN]
Imag part of a(2)? 2 [RTN]
Real part of a(3)? 3 [RTN]
Imag part of «(3)? 3 [RTN]

5 | Continue: Recheck data or Continue?R C [RTN]

6 | Select inverse transform: Direct/Inverse transform?D I [RTN]
Computing...

7 | View each point by pressing Real part of B(0)=6 [RTN]
[RTN]. Pressing [BACK] will Imag part of B(0)=6 [RTN]
goto the previous point. Real part of B(1)= .0000000001 [RTN]

Imag part of B(1)=-3.999999999 [RTN]
Real part of B(2)=-2 [RTN]
Imag part of g(2)=-2 [RTN]




ISOLUTION|

STEP INSTRUCTIONS DISPLAY INPUT
Real part of B(3)=-4.0000000001 |[[RTN]
Imag part of B(3)=-.00000000001 | [RTN]

8 |End program. Run again, View again, or End?R | E [RTN]

p——



SAMPLE PROBLEM

C) Estimate inverse Fourier transform of
z(t) =t + /-1t
with four data points. In this case
Real part z(t) = x(t) = t,
Imag part z(t) = y(t) = t.
ISOLUTIONL
STEP INSTRUCTIONS DISPLAY INPUT
i 1 |Enter x(t) in 510 510 DEF FNX(T)=T
Enter y(t) in 520 520 DEF FNY(T)=T

1 |Run program **% FOURIER TRANSFORM ***

2 |Enter number of data points: Number of data points? 4 [RTN]

3 |[Select function as input: Function or Data points?F F [RTN]

Evaluating function...
6 |Select inverse transform: Direct/Inverse transform?D I [RTN]
Computing...

7 |View each point by pressing Real part of B(0)=6 [RTN]
[RTN]. Pressing [BACK] will Imag part of B(0)=6 [RTN]
goto the previous point. Real part of g(1)= .0000000001 [RTN]

Imag part of B(1)=-3.999999999 [RTN]
Real part of g(2)=-2 [RTN]
Imag part of B(2)=-2 [RTN]
Real part of R(3)=-4.0000000001 [RTN]
Imag part of B(3)=-.00000000001 | [RTN]

8 |End program. Run again, View again, or End?R | E [RTN]




USER INSTRUCTIONS

STEP INSTRUCTIONS DISPLAY INPUT
1 | Run program *%* FOURIER TRANSFORM ***
2 | Enter number of data points: Number of data points? n [RTN]
(Must be a power of 2)
. . ForD
3 | Select function or data Function or Data points?F [RTN]
4 | If data, enter the real and
Re a(T1)
imaginary part of each point: | Real part of o(i)? [RTN]
Im ot1)
Imag part of a(i)? [RTN]
If function, enter the x(t) in| 510 DEF FNX(T)=
Tine 510 and y(t) in 520 520 DEF FNY(T)=
before starting program.
Goto step 6.
. RorC
5 | Check data: Recheck data or Continue?R [RTN]
a | When checking the data (R),
press [RTN] to proceed to
each point. If an error is
found, press [BACK] and
re-enter: Imag part of a(i) = [BACK]
Re of7)
New real part of a(i)? [RTN]
Then continue through the data
b | Enter C to continue to step 6.
] Dor I
6 | Select direct or inverse Direct or Inverse transform?D [RTN]
transform:
7 | Computation begins: Computing...
8 | View each point by pressing Real part B(i) = [RTN] or
[RTN]. Pressing [BACK] will Imag part B(i) = [BACK]




USER INSTRUCTIONS

STEP INSTRUCTIONS DISPLAY INPUT
. ; : R,V, or E
9 | Select program options: Run again, View again, or End?R [RTN]

To run the program again,

enter 'R' and goto step 2.

To view the answers again,

enter 'V' and goto step 8.

To end the program enter 'E'.
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VARIABLE NAMES

NAME DESCRIPTION NAME DESCRIPTION
Imag part of prim. root of
FNR(X) Bit reversing function X, unity to some power
. multiplied by F
X Dummy variable for FNR(X)
Temporary storage
A forpFNR(%) J X, Y2 Temp storage for main calc.
U Temp storage for FNR(X) X3 Y3 Temp storage for swap
. Temp storage for bit
FNA Answer function S reversing function FNR
B Temp storage for FNA K Simplifying power
Real part of )
FNY(T) object function Q$ String for RVE module
Imag part of String for Direct/Inverse
FNY (T) object function R$ module
Real part of String for Data/Function
A(I) object sequence S$ module
Imag part of String for checking data-
B(I) object sequence T$ module
Flag for inverse/direct Number of subdivision
F transform N points
Real part of primitive root
Xy of unity to some power M Log,(n)
Notes: 1. The program will work with up to 1024 points if approx.
20K bytes of RAM are available. To alter the number of
points that are available, change the dimension in line 80.
The number of points used must be a power of 2.
2. Execution time increases significantly with the number
of data points.
Reference: Stoer, J. and R. Bulirsch, INTRODUCTION TO NUMERICAL ANALYSIS,

(Spring-Verlag, New York, 1980), Section 2.3.2.
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PROGRAM LISTING

10
20
30
40
50
60
70
80
G0

100

110

120

£30
140
550
160
570
160
490

200
240
220
230
40

=250

26,0
270

80
a9

300
240
Ae
F30

40
BHO
360
370
B0
Wea
400

4450
420

P FAST FOURITER TRANSFORM
P Computes the direct or
Poinverse Fourder transform
Vot data points or functions
P using the Cooley-Tukey
Palgorithm
I Revision 14/04/74982
DIM ACSL2) BS54
DIBF ¥ X % FOURIER TRANSFORM % X
*728 OPTION ANGLE RADIANS
INPUT ‘Number of data points?’; N @
M=1P CLOGINY ZLL0GC2))
IF FPOLOGOND ZLOGE2) ) %0 THEN REEP @
DISGP “Incorrect number of pointsl’
& GOTO 400
P RLt reversing function

DEF
U ()
FOR P=0 TO ™M-i
A=RMD OX, 5

Ll le A (M4 1)
K=1P X/

TF X E=4 THEN 240
NEXT P
UL s (M2 )
FNE=U @& END DEF
P Defing answer
DEF FMA
B=NUMCKEY$) @ IF
250

FMfs @ END DEF
P Mransform data points or func?
DISF CHRSCL98) ; ‘unction or 7 ;CHR$CL
P63

INFUT “ata points?’,'F’7,
RCECSHT L, 11

ON POSCEDY,84)+4 GOTO
P lnput data points
FOR T=0 T0 N-i
DIGP USING "/'Real
"oy CHR%C4Y,1;
IMPUT 207 25600
DIGP USING "/ Imag part of
"oy UHREC4)Y T

INFUT 0% 75 ROT

NEXT T

P Check data points

DIGF CHR%(210);’echeck data,or
R CL15%50 .

INPUT “ontinue?’ "R T4 @
(T$Ld,40

ON POSCRECY ,TH)+4 GOTO 390,420,590
FOR T=0 TO N-4§

FiNR X

function

BELE AND BEE THEN

54 € Se=UP

280,500,320
part of

’ o A
PRI ( > k

fha, 0Lk

‘5 CH

Te=UPRCY

~Number of data
a power of two

poeints must he

~Reverse binary expansion of
integer

~Wait for ‘RTN’ or "BACKY kevs

~Select data function

as dnput

points or

~Data point entry

=Uption to check input data
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PROGRAM LISTING

430

440

470

460

470
480
490
500
510
520
530
540
H50
560

570
Se0
%90
HO0
6H10

&H20
&30
6410
650
H&EN
&E70
&-80
&Y 0
700
740
7e
730

7410
750
7 &0
YAl
7E0
e
8so0
Gan
G
B30
san
&G0
6H0

870

DIGP USING "‘Real part of 7,a,’(’,k
0= kY 5 CHR$(G4A)Y , 1,601

IF FNA=8 THEN DISPF USING "’‘New real
part of “,a,’(’,k" 3 CHR%(4),1,; @
INFUT )72 /56800

DISF UBING "““Imag part of “,a,’(’,k
0=,k CHR$(4) , 1,B00)

IF FNa=@ THEN DISP USING "/New imag
part of “,a,’(’,k" ; CHR$(4),1; @
INFUT 7>% 7 RB(OD)

NEXT T

GOTO 390

P Function to be transformed

DISP “Evalvating function...’

DEF FNX{T) = 1

DEF FNY(T) = T

FOR T=0 TO N-i

ACTY=FNXCT) @ ROI=FNY (D)

NEXT I

I Direct/Zinverse transform

P from kevboard

P Set flag for inverse

Fr= g

DIGP CHRE(496) ;7 irect/’ ;CHR$(204);
INFUT ‘nverse transform?’,’D’; R$ @
RE=UPRCERBLL, L 1)

DISF ‘Computing...’

ON FOSC/DI,REIHE GOTO 600,650,570
T Get flag for direct

EE

I Main loops

FOR K=M~-4 TO 0 STEP -1

Kiumg K

FOR L=0 T0O N~4 STEP 22(K+1)

S=FNR LK)

PoWith f=-4 computing direct

P Fourder transform
Xi=CO8 (2P IRG/N) & Yi=SIN(2XPIXS/N)
)k |Zf‘

FOR J=0 T0O Ki-1i

Relm@ (Tl 4K A XX ~RB T+ L+K ) kY d

Yimp L Tl A KA RY e BT+ + K1) 3G
ACTHLY =0T+l )+ X2 8 BT+l =R{T+L)+YR
ACTHL AL ) s=mA T+, Y- XE- X2

BECT+L K ) =BT el ) ~-Y2-Y2

NEXT )

NEXT L.

MEXT K

P inscramble remainders

FOR TI=0 TO N-i

TFOFNRCDY <=1 THEN 890

R (D) @ YE=ROL)

ACTI=A FNRLTY) @ BOD)=R(FNR(I))

~User defined

~Select direct
transform

functions

or

inverse

N



PROGRAM LISTING

360
a820
Y00
gi0
Ya
G30
540
G
$60
570
S0
590

1000
1010

1020
1030
1040
1050
1060
)1070

1080

ACFNRCT) ) =XE & BIFMRLL))=Y3

NEXT I

P Test for inverse transform

P which is the case f=1

IF F=4 THEN 980

P Compute direct transform

FOR T=0 T0O N-1

ACTI=ACT)/N @ BRCII)=R(I)/N

MEXT I

P View the transform

FOR I=0 TO N-1i

DISF UBING "’Real part of “,a,’(’,k
2= k" CHRSG(S) L, 1,AaCD)

IF FNA=E THEN I=MAX(I-1,0)

DISF UBING " Imag part of “,a,’(’,k
Or= k" CHR$(S) , T, ROD

IF FNA=8 THEN I=MAX(1-41,0) & GOTO 9
70

NEXT I

V' Run,view, or end

DISF CHR%(250);un again,’;CHR$(214
)i fdew again,or’ ;CHR$(L97)

INFPUT “nd?’,'R’7; Q% @ GE=UFRCH QST L
,41)

ON POSC/RVE’,@%)+4 GOTO 40%0,400,98
00,4080

STOP

=Frogram options

13
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PROGRAM DESCRIPTION

FAST FOURIER SERIES/TRIGONOMETRIC INTERPOLATION

This program finds a trigonometric interpolation of the Fourier series.
Given a function z(t) = x(t)+/~1y(t) which is peroidic on [0,2n] and

whose modulus squared is integrable, the Fourier expansion is

2(t) = 3 &(n)e mt/~T

The Fourier expansion is approximated by trigonometric polynomials of the

m=0,+1,+2,...

form

p(t) = 2gy EXP(mtv/-T) m=0,1,...,n-1

To obtain a two-sided po]ynomia],Bm is extended with period n :(i.e., Bitn™
Bm, where n is the number of points or terms in the approximation).
An important special case is z(t), a real valued function (y(t)=0 for all t).

The coefficients Z(m)+Z(-m), i(Z(m) -Z(-m)) are real in that case, so putting

A, = 2 Re(B)
Bm = =2 Im(Bm) m=1,...,n/2-1
AO =2 BO
An/2 =2 Bn/g

yields a sin, cos - polynomial with real coefficients:

= n -
A(t) = 59_+ %(Am COS(mt) + B SIN(mt)) + An/z COS(Qt) m=1,2,...

2 Z

Note that n must be a power of two.



PROGRAM DESCRIPTION

FAST FOURIER SERIES/TRIGONOMETRIC INTERPOLATION (continued)

Algorithm:

Input n, m=1og2(n), data points a(*),b(*) or input z(t)

For i=0 to n-1 step 1

Input a(i) = a(i) + /-1 b(i) or evaluate z(%ﬂgzi)

Next i
Define bit reversing function r(k)

For k

m-1 to O step -1
0 to n-1 step 2k+1
s = r(p/2%)

£, = COS (2ms/n) + /=1 SIN(2ws/n)

For p

For j=0 to k.1 step 1
- (s k
£, = £ a(i+pr2)

a(j+p) = a(j+p) + g,

a(j+p+2*) = alj+p) -2¢,
Next j

Next p

Next k

For i=0 to n-1 step 1

Swap (i), a(r(i)) if r(i)>i
Next i

For i = 0 to n-1 step 1

Disp B(i)=a(i)/n

Next i

Stop

15
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SAMPLE PROBLEM

A) Estimate the Fourier series of the data points

a(0)=(0,0), a(1)=(1,1), a(2)=(2,2), a(3)=(3,3).

JSOLUTIONI
STEP INSTRUCTIONS DISPLAY INPUT
Al Run program **% FAST FOURIER SERIES ***
2 | Enter number of data points: Number of data points? 4 [RTN]
3 |Select data as input: Function or Data points?F D [RTN]
4 |Enter data: Real part of «(0)? 0 [RTN]
Imag part of «(0)? 0 [RTN]
Real part of a(l1)? 1 [RTN]
Imag part of o(1)? 1 [RTN]
Real part of «a(2)? 2 [RTN]
Imag part of «(2)? 2 [RTN]
Real part of «(3)? 3 [RTN]
Imag part of «(3)? 3 [RTN]
5 |Continue: Recheck data or Continue?R C [RTN]
Computing...
6 |Select complex series: Select series: Real or Complex?R| C [RTN]
7 |View each point by pressing Real part of g(0)= 1.5 [RTN]
[RTN]. Pressing [BACK] will Imag part of g(0)= 1.5 [RTN]
goto the previous point. Real part of B(1)=-.99999999998 | [RTN]
Imag part of p(1l)= 2.5E-12 [RTN]
Real part of R(2)=-.5 [RTN]




ISOLUTIONI

STEP INSTRUCTIONS DISPLAY INPUT
Imag part of B(2)=-.5 [RTN]
Real part of B(3)=-2.5E-12 [RTN]
Imag part of R(3)=-1 [RTN]

8 |End program Run again, View again, or End?R | E [RTN]

17
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SAMPLE PROBLEM

B) Compute the polynomial approximation to EXP(t/-1) =
COS(t+/=1)*SIN(t)=x(t)+/-1 y(t)

ISOLUTIONI(
STEP INSTRUCTIONS DISPLAY INPUT
%1 | Enter x(t) on Tine 530 530 FNX=COS(T)
Enter y(t) on Tine 560 560 FNY=SIN(T)
2 | Run program *** FAST FOURIER SERIES ***
3 | Enter number of data points: Number of data points? 2 [RTN]
4 |Select function as input: Function or Data points?F F [RTN]
Evaluating function...
Computing...
5 | Select complex series: Select series: Real or Complex?R| C [RTN]
6 | View each point by pressing Real part of Bg(0)= 0 [RTN]
[RTN]. Pressing [BACK] will Imag part of R(0)=-1.04E-13 [RTN]
goto the previous point. Real part of g(1)=1 [RTN]
Imag part of B(1)=1.04E-13 [RTN]
7 | End program. Run again, View again, or End?R | E [RTN]

~———’



SAMPLE PROBLEM

C) Estimate JO(17.5),J1(17.5),J2(17.5),J3(17.5)

using z(t) = COS(17.5 SIN(t) + v-1 SIN(17.5 SIN(t).

Read off real part of B(0),B(1),B(2),B(3).

|SOLUTION |
STEP INSTRUCTIONS DISPLAY INPUT
¢ 1 |Enter x(t) on line 530 530 FNX=C0S(17.5%*SIN(T))
Enter y(t) on Tine 560 560 FNY=SIN(17.5%SIN(T))
2 | Run program *%% FAST FOURIER SERIES ***
3 |Enter number of data points: Number of data points? 64 [RTN]
4 | Select function as input: Function or Data points?F F [RTN]
Evaluating function...
Computing...
5 |Select complex series: Select series: Real or Complex?R| C [RTN]
6 |View each point by pressing Real part of R(0)=-.103110398225| [RTN]
[RTN]. Pressing [BACK] will Imag part of g(0)= 5.755625E-12 | [RTN]
goto the previous point. Real part of R(1)=-.163419969425| [RTN]
In this case, ignore the Imag part of p(1)=-7.412512652E-12 [RTN]
imaginary part of (i). Real part of g(2)=8.44338302963E42 [RTN]
Imag part of 3(2)= 8.411875E-12 | [RTN]
Real part of B(3)= .182719130625| [RTN]
7 | End program, ignoring rest

of answer.

[ATTN]
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USER INSTRUCTIONS

STEP INSTRUCTIONS DISPLAY INPUT
1 Run program *%x%x FAST FOURIER SERIES ***
2 | Enter number of data points: Number of data points? n [RTN]
(Must be a power of 2)
ForD
3 | Select function or data Function or Data points?F [RTN]
as input:
4 | If data, enter the real and
Re ali)
imaginary parts of each point: | Real part of a(i)? [RTT]
Im a(1)
Imag part of a(i)? [RTN]
If function, enter the x(t) 530 FNX=
in Tine 510 and y(t) in 560 560 FNY=
before starting program.
Goto step 6.
R or C
5 | Check data: Recheck data or Continue?R [RTN]
a | When checking the data (R),
press [RTN] to proceed to
each point. If an error is
found, press [BACK] and
re-enter: Imag part of o(i) = [BACK]
. Re a(1)
New real part of a(i)? [RTN]
Then continue through the data
b | Enter C to continue to step 6.
R or C
6 | Select real or complex series:| Select series: Real or Complex?Rl [RTN]
7 | Computation begins: Computing...
8 View each point by pressing

[RTN]. Pressing [BACK] will




USER INSTRUCTIONS

STEP INSTRUCTIONS DISPLAY INPUT
goto the previous point.

If real: A(i)= [RTN] or
B(i)= [BACK]

If complex: | Real part B(i)= [RTN] or
Imag part g(i)= [BACK]

R,V, or E
9 | Select program options: Run again, View again, or End?R | [RTN]

To run the program again,

enter 'R' and goto step 2.

To view the answers again,

enter 'V' and goto step 8.

To end the program enter 'E'.
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VARIABLE NAMES

NAME DESCRIPTION NAME DESCRIPTION
FNR(X) Bit reversing function X1,Y1 Real and imag part of
reciprocal of primitive
X Dummy variable for FNR root of unity
Temp storage for real and
A Temporary storage for FNR X2.Y5 1mag bart of calculation
U Temporary storage for FNR X3,Y3 Temp storage for swap
Temp storage for
FNA Answer function S value of FNR
B Dummy variable for FNA Ky Simplifies power
A(1) Real part of input (I) N Number of subdivisions
B(I) Imaq part of input (I) M Log, (n)
Real part of )
FNX object function Q$ Test string for RVE
Imag part of Test string for real/
FNY object function P$ complex data
Test string for data
T Dummy variable for FNX,FNY R$ points/function
Test string for
T$ rechecking data input

NOTES AND REFERENCES

References: 1. Stoer, J., and R. Bulirsch, INTRODUCTION TO NUMERICAL ANALYSIS,

(Springer-VYerlag, New York, 1980).

2. Henrici, P., FAST FOURIER METHODS IN COMPUTATIONAL COMPLEX ANALYSIS,
(SIAM Review, V. 21, 1979, p.481-527.)
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PROGRAM LISTING

ia
=0
30
40
%0
60
70
aa
90
400

140

120

130
140
1%0
60

170
ien
190
200
240
et
2a0
a0
250

260

270

260
290
300

340
320
330
340
A%
E60
370
360
350

4010

440

P FAST FOURTER SERIES/TRIGON-

POOMETRIC INTERPOLATION

' Computes the finite Fourier

P series (trig interpolant)

' at points supplied by func-

' tions or input data,using

P Cooley-~Tukey algorithm
P Revision 14/01/74982

DIM A(S12) ,B(S5412)

DISF % % % FAST FOURIER
)kl

INPUT ‘Number of data points?’; N @
M=1P (LOGN) ZL.0GCE))

IF FPOLOG(N) ZLOG(2))Y#0 THEN EEEFP @

DISP “Incorrect number of data poin
tae!’ @ GOTO 440

I Bit reversing function

DEF FNR(X)

L=0
FOR

SERTES % X

Fal TO M~4

A=RMDOX, 2)

U=l AKE A (M~4~F)
X=TP K/ 2

IF X<{=1 THEN
NEXT P
UsieXK2 s (M~2-P)
FMR=U & END DEF
P Define answer
DEF FN&
B=NUMCKEY$) @
260

FNA=R & [END DEF

P Interpolate func or data

220

function

IF BH43 AND EBE8 THEN

DISF CHR4$CL98) 5 7unction or
Q&Y

INPUT “ata points?’/,’F’; R% @ Re=Up
RCE(RELL, 4 1)

ON POSC/FD ,RE)+4 GOTO 290,%40,330
P Input data points

FOR I=0 TO N-i
DISF USTING "/Real
S CHR B A ) T

CGCHRE L

part of “,a,’(’,k

INPUT 49 7Nt
DISF UBING "’ Imag part of ‘,a,’(’,k

"oy CHR% (4,1

INFUT 7 75 BOD

HEXT I

P Check data points

DISF CHR4(240);echeck data,or
RECL95);

INPUT “ontinuve?’ 'R’
CT$04,40)

‘5 CH

T4 @ TH=UFRCH

~Number
power of

of points must be a
Two.

“Reverses binary expansion of
integers

=Wait for ‘RTN’ or ‘BACK’ keve

~Select function or data as

input

~Check data points

=0ption to check data points
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PROGRAM LISTING

420
430
440

450

480
490
S00
G40
20
530
S40
%50
560
w70
560
590
&HEOO
6H10
Ha0
&H30
&40
650
660
670
&HB0

690
200
7410
70
730
740
750
760
770
780
740
&00
Ggio
&0
B30
a40
8%0
GH0
870
8u0

ON POSC/RCY ,TH)+4 GOTO 400,430,620
FOR I=0 TO N-i

DISF USING "’‘Real part “,a,’(’ ,k,’)

=0,k 5 CHRGC4), 1 ,ACT)

IF FNA=8 THEN DISP USING "’'New real
part of “,a,’( ,k" ; CHR$(4),I; @
INFUT )7 /5601

DISP USING "/ Imag part “,a,’ (' ,k,’)
=7, k" 5 CHR$(4),1 ,RBC(I>

IF FNA=8 THEN DISP USING "’/New imaq
part of “,a,’(’,k" ; CHR$(4),1; @
INPUT ‘)7 7, RBCD

NEXT I

GOTO 400

P Function interpolates

DISP ‘Evaluvating function...’

DEF FNX(T)

FNX=COB 47 . SREINCT)Y)

END DEF

DEF FNY(T)

FNY=GTNCL7 BKGINCTY)

END DEF

FOR I=0 TO N-i

AT s=FNX(2XPTXL/ZND

ECT)=FNY (2XPLIXI/N)

NEXT ¥

DISGY ‘Computing. ..’

' Main loops

FOR K=M-4 TO 0 BTEP -4

Ki=@K

FOR L=0 TO N-1 STEP 22(K+1)
G=FNR(L/KL)

Xi=COSC2XPTXE/NY @ Yi=~GINC(ZXPIXS/N
)

FOR J=0 TO Ki-1i

X2= (L AK IO RX 4 ~ROT+LAK L) %Y 4

Y= (L AKIDRY L+ RO+ LKL ) %X

ACTHLY =T+l +X2 @ BROTHL)Y =ROI+L)+YR
ACTHLAKE ) =A T+ ) - XE2-X2

BLIHL KL ) s ROTHL) =Y 2-Y2

NEXT J
NEXT L
NEXT K

P Unscramble remainders

FOR I=0 TO N-1i

IF BFNRCIY (=T THEN 840
XA3=A01) @ YA=ROI)
ACTI=A(FNR{TIY) @ BROD)=R(FNRCIY)
AIFNROL) )=X3 & BOFNRCOL)Y )Y =Y3E
NEXT ©

P Last computation

FOR I=0 TO N-i

ACT=ACTI)/N @ B =R(I)/N
NEXT ¥

~User defined functionsg

“Frevent double swap



PROGRAM LISTING

5410

G0
Y%
940
550

2610

Y70
Y60
90

1000
1040
1020
1030
1040

10%0
1060

)
1070
1080
1090
1400
1140
£420

1430

I Review the polynomial

DISP ‘Select series: GOHR$(210);e
al or “GCHRS$CL9%);

INPUT “omplex?’,’R’; P4 @ PE=UFRCHC
PELL,11)

ON POSC/RC ,PEI+L GOTO 900,940,4030
' Real case

FOR I=0 TO N/2

IF I=0 THEN DISP “AC0)=';A(0) @ Z=F
Na @ GOTO 4000

DIGP UBING " AC,k, =" ,k" ; I,A(I)
FACN-L) @ IF FNA=8 THEN I=MAX(I-4,0
) v
IF T=0 THEN 9%0

IF A=NA2 THEN 4000

DISP USING "/BC/,k, d='k" ; T,-(E(I
YRAIN-T)) & TF FiNA=8 THEN 9%0

NEXT 1

GOTO 4400

I Complex case

FOR T=0 T N-i

DIGP USING "‘Real part ‘,a,’ (’ ,k,’)
=00k 5 CHREC(S) , 1,600

IF FiNA=8 THEN T=MAX(I-41,0)

DIGF USING "“Imag part ‘,a,’ (' ,k,’)
=00k 5 CHR$CS) , T,RAID)

IF FiNéAs=g THEN 1£040

NEXT T

P Run,view, or end

DTGP CHREC(240);7un again,’;CHR$(214
Vi lhew again,or’ ;CHREECLY7 ),

INPUT “nd?7,’R7; Q% 8 G=UPRCH(QST 4
e D)

ON POSC/RVE’G48)+4 GOTO 4400,440,90
0,4430

S5TOP

~Select

~Program

real or

options

comp lex

GErLes
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PROGRAM DESCRIPTION

ATTENUATED FOURIER SERIES

This program provides an approximation by a trigonometric polynomial with
a finite number of terms to the Fouriér expansion of a given function.
A complex function z(t) =x(t)+/~Iy(t) which is periodic on [0,27] with
period 27 and whose modulus squared is integrable, has a Fourier expansion

o mtv/-1

z(t) = P Z(m) m=0, *1, *2...

The Fourier series is approximated by the trigonometric polynomial

p(t) = kem e nt/-1 m=0,...,Nn-1
in which
m
By = %— Z(EEEJ e-27T ﬁk/TT O<ks<n-1

where n is the number of points in the approximation.
Roughly, the g approximate the Z(m) where:

5(m)= %ﬁ-(fz(t)EXP(—mtva)dt

Now the coefficients Z(m) approach zero as m grows large. Since the only
way to extend Bm is by being periodic in n, there is difficulty in approx-

imation which is resolved by interpolating the points Z(gﬂg). A simple
n
linear approximation leads to coefficients Cn defined by:

Cp = (n/ﬂm)z(SIN(ﬂm/n))zﬁ m=1,...,n-1

m
The multipliers of the Bm are called attenuation factors and the resulting

coefficients C, now approach zero as m grows Tlarge.




PROGRAM DESCRIPTION

Algorithm

ATTENUATED FOURIER SERIES (continued)

Input n, m=1og2 (n), arrays a(512), b(512), or z(t)

For i=0 to n-1 step 1

Input a(i)=a(i) + V-1 b(i) or evaluate z(ZWVLI/n)

Next i

Def bit reversing function r(k)
For k=m-1 to 0 step -1

For p=0 to n-1 step et
s = r(p/2¥)

&, = C0S(2ms/n) + /-1 SIN(2ws/n)
For j=0 to 2 step 1

s aTar k
Bai =ik ta(Jepee)

a(j+p) = a(j+p) + €,

a(J+p+2%) = a(j+p) - 2,

Next j

Next p

Next k

For i=0 to n-1 step 1
Swap._.a(i)s aleCi )1 1F rli)>i
Next i

a(0) = a(0)/n
For i=1 to n-1

a(i)=(n/mi * sin(mi/n))? a(i)
Next i

For i=0 to n-1 step 1

Disp a(i)

Next i

Stop

27



SAMPLE PROBLEM

A) Estimate the first eight coefficients in the Fourier

series for X(t) = (ﬂ-t)2/4
_1SOLUTIONIL
STEP INSTRUCTIONS DISPLAY INPUT
Al | Enter x(t) 290 DEF FNX(t)=(PI-T)"2/4
Enter y(t) 300 DEF FNY(t)=0
2 | Run program * ATTENUATED FOURIER SERIES *
3 | Enter number of data points: Number of data points? 16 [RTN]
Evaluating function...
Computing...

4 |Select real series: Attn. series: Real or Complex?R | [RTN]

5 |View each point by pressing A(0)=.828892557125 [RTN]
[RTN]. Pressing [BACK] will A(1)=.999999999995 [RTN]
goto the previous point. B(i)= [RTN]
In this example the B(i) can A(2)=.24999999999 [RTN]
be considered insignificant.. |A(3)=.11111111111 [RTN]

A(4)=6.25000000009E-2 [RTN]
A(5)=4.00000000009E-2 [RTN]
A(6)=2.77777777768E-2 [RTN]
A(7)=2.04081632641E-2 [RTN]
A(8)=1.56250000004E-2 [RTN]

6 | End program. Run again, View again, or End?R | E [RTN]




SAMPLE PROBLEM

B) Estimate the first eight coefficients of the Fourier

expansion of t(t-m)(t-2m)/12 on [0,27]

(Note the exact series is 2%3

sin(kt)y.1,2,...)

1SOLUTIONL
STEP INSTRUCTIONS DISPLAY INPUT
B | Enter x(t) 290 DEF FNX(T)=T(T-P1)*(T-2%P1)/12
Enter y(t) 300 DEF FNY(T)=0
2 | Run program * ATTENUATED FOURIER SERIES *
3 | Enter number of data points: |Number of data points? 16 [RTN]
Evaluating function...
Computing...

4 | Select real series: Attn series: Real of Complex?R [RTN]

5 | View each point by pressing A(i)= [RTN]
[RTN]. Pressing [BACK] will |B(1)=.987115800974 [RTN]
goto the previous point. In |[B(2)=.118507431121 [RTN]
this example the A(i) can be |[B(3)=3.26508727055E-2 [RTN]
considered insignificant. B(4)=1.22718463038E-2 [RTN]

B(5)=5.24786275016E-3 [RTN]
B(6)=2.25918452119E-3 [RTN]
B(7)=7.97068408518E-4 [RTN]

6 | End program. Run again, View again, or End?R |E [RTN]




USER INSTRUCTIONS

STEP INSTRUCTIONS DISPLAY INPUT
1 | Enter the function x(t) in 290 | 290 DEF FNX(T)=
Enter the function y(t) in 300 | 300 DEF FNY(T)=
2 | Run program * ATTENUATED FOURIER SERIES *
# Enter number of data points: Number of data points? n [RTN]
(Must be a power of 2)
Evaluating function...
Computing...
R or C
4 | Select attenuated series Attn. series Real or Complex?R [RTN]
real or complex:
5 | View each point by pressing
[RTN]. Pressing [BACK] will
goto the previous point.
If real: A(i)= [RTN] or
B(i)= [BACK]
If complex: Real part c(i)= [RTN] or
Imag part c(i)= [BACK]
6 | Select program options: Run again, View again, or End?R fo%N%r -

To run the program again,

enter 'R' and goto step 3.

To view the answers again,

enter 'V' and goto step 4.

To end the program enter 'E'.




VARIABLE NAMES

NAME DESCRIPTION NAME DESCRIPTION
Storage for vectors to For direct
A(I),B(I) |pe transformed Yq Fourier transform
NS In place storage
N Number of subdivision partg X2 Yo for computation
In place storage
M Log, (n) X3.Y3 for swapping
R(X) Bit reversing function Q Attenuation factors
A(X) Answer function Q$ String for RVE module
Real part of
X(T) object function X Dummy variable for R(X)
Imaginary part of
Y(T) object function AU Temporary storage for K(X)
Ky Simplifying index B Temporary storage for A(X)
TS ; Temporary storage for
Xl Primitive root of unity S value of R(X)

Note: The attenuation factors correspond to linear interpolation. Another
popular choice is found by interpolation with cubic splines. In this
case the factors for lines 670 and 760 are:

Q; = (n/miSIN(mi/n))* * 3/(2+C0S(2ri/n)), 140
For Tine 730 the change is: (2/m*SIN(w/2))"4*3/(2+C0S(m/2))
References: 1. Henrici, P., FAST FOURIER METHODS IN COMPUTATIONAL COMPLEX

ANALYSIS, (SIAM Review, V. 21, 1979, p. 481-527).

2. Eagle, A., ON THE RELATION OF THE FOURIER CONSTANTS ...
Mag. S. 7, Vol. 5, 1928, p. 113-132).

k8
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PROGRAM LISTING

10 1 ATTENUATED FOURIER SERIES
a0 1 Computes the Fourier series
30 1V of a complex—valved function
40 ! periodic on [0,2pil,using
50 1V Cooley-Tukey and linear
60 1 interpolation
70 1 Rewvision 15/04/4982
B0 DIM ACHLZ) ,B(542)
90 DIGP % ATTENUATED FOURIER SERIES
*l
100 INPUT ‘Number of data points?’; N @
M=1P (LOGN) Z7LOGCE) )
140 IF FPALOGON) ZLOGLZ) ) %0 THEN REEP @ =The number of points must be a
DIGP “Incorrect number of data poin power of 2
ta! & GOTO 400
120 V Rit reversing function =Function to reverse the binary
@gipansion of X
130 DEF FNR(X)
140 U=0
150 FOR P=0 T0O M-1%
L60 A=RMD(X,2)
270 UslheAXE2” (M=4-P)
180 A=IP(X/2)
190 TF X<{=1{ THEN 2410
@200 NEXT P
210 Us=U4X%R2A (M=-2-P)
220 FuR=U & END DEF
230 1 Define answer function ~Wait Ffor ‘RTN’ or “RACK’Y key
240 DEF FNA
N0 B=NUMIKEYS) @ IF BEL3 AND BES THEN
20
260 FNA=E & END DEF
270 00 Feriodic function
280 DISF ‘Evalvating Ffunction.. .’
S0 DEF OFNXCT) = IXR(T-P I (T-2%P 1) /42 ~Usar defined functiong
300 DEF FNY(T) = 0
F40 FOR I=0 TO N-i
20 AT =FRNXCEKPIXI/ZND
FE0 B =FNY(2KPIXL /N
F40 NEXT 1
A0 DISF ‘Computing.. .~
60 1 Main loops
F70 FOR K=M-i TO 0 STEP -4
FB0 Ki=24K
A0 FOR L=0 TO N~ STEP 2K+
A00 H=FNROL/KL)
450 Xi=COEC2HPIRE/NY @ Yi=-8TNC2RP IXs/N
)
420 FOR Y=0 TO Ki-i
AE0 X2=A(THLAKLDIXXL B O+ L+K L) %Y s
440 Yer=a 0T A )XY LRI+ K1) XX
450 ACTHL) =004l + X2 @ BOTel)=R{T+L)+Y 3
440 ACTHLAKL) = T+ ) =X X2
470 BOIHLAK L) =BT+ ) =Y E-Y2




PROGRAM LISTING

6HA40
&' 0

&HEN
&0
&HEO
&HS 0

700
710

760

790

aon

gL

£t

830
G840

JES0

360

NEXT J

NEXT L

NEXT K

D Unscramble remainders

FOR IT=0 T0O N-1

IF FNRCI) (=1 THEN %70

XKB= (L) @ YR=pll)

ALTI=ALFNR(I)) @ BOID)=R(FNRCIY)

ALEFNRCI) ) =XE @ BOFNR(OL) »=Y3

NEXT I

FOR T=0 T N-1i

ALY =ACT) /N @ ROD)=R(I)Y/N

NEXT I

Podttenvate and view

DIGP “Attn. series CHR$(Z10); eal
or /G OHR$(L9%)

INPUT “omplex?’,'R’; P @ PE=UPRCH

PELL,E

ON POSC/RC ,PS)+4 GOTO 620,6%0,740

DIGF “&(0)=/ ;4000 @ IF FHNA=13 THEN

660 ELEBE 6%0

FOR T=1 T0 N/2-1

Qe CNA P IRIDDRSTIN(PIRTI /N Y AR

DIGH USING 690 5 ‘&7 ,1,(A(I)+A(N~T)
YRG @ OTF OFNA=E THEN T=MAaX(I-1,41)
IMAGE a, ¢/, k, 1=’k

Gl N/ P TRTIRBINIPTHI/NY YA 2

DIGF USING 690 ; ‘B ,1,~(B(I)~R(N-T
DIKCG B OLF FiNA=E THEN &70

NEXT X

DISF UGTNG 690 ; ‘&7 N2, 2RAN/D) XL

SAPTRSIHPL/230 28 @ 1F FNA=E THEN &

50 ELSE 8%0

FOR F=0 TO N-i

TF O T=0 THEN Q=41

TF T2 0 THEN Q=(M/CPIRT )RS TINOF IR/
B

DIGF UBING "‘Real part c(/,k,’ )=’k
oy TLACYRG

IF FRA=8 THEN I=MAX(IT-4,00 & coro 7

%0

TF T=0 THEN =41

IF T30 THEN Q=ON/Z(PITRII)RSINOP IR /N
1

DIGF UBING "/ Imaqg part c(/,k, )=’k
"oy TLRBCLIXRG

TFOFNA=E THEN I=MaX{I-4,0) & GOTo 7

20

NEXT X

P Run,wview, or end

DIGE CHREC(240);57un again, ’ ;CHR$ (244
Y 0dew again,or’ ;CHRSG (497

INFUT “nd?7,'R’; G% @ Q$=UPRCE(QEHT4
i

~Select real or

=Gompler answer

=-Frogram options

complex

GErLes
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PROGRAM LISTING

870 ON POSC/RVE’,Q4)+1 GOTO 850,400,620

880

, 880
STOP




PROGRAM DESCRIPTION

SPHERTCAL HARMONICS

This program computes the values of the spherical harmonics Y2(8,¢)
on the three dimensional sphere of unit radius and angles 0<O<m

O<¢pg2m,  The functions YE satisfy the following relations:

Yg = 1/V/&%

vm = [(-1)"/2Mm1]  V{ZmF 1) T/47  (SIN 8)"EXP(mov=T)

m _ m

Vg = /23 C0S 6 Y

cos o Y™ iJ(n+m+1)(n-m+1) Ym+1-+J (n+m) (ri=m) W
(2n+1)(2n+3) (2n+1)(2n-1) =

Algorithm: Input n, m, 8, ¢; Tlet f1=2

For i =1 tom

£, = 2if,/(2i+1)

1
Next i

fl = (-1?//?%?{

w=f, SIN(9)™

u=w CoS(mgp), v = w SIN(m¢)
If n=m then finish and display u,v

Uy =v2m+3 C0S(8) u, v, =/2m+3 COS(6) v

1
If n = mtl then finish and display UpsVq

35
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PROGRAM DESCRIPTION

SPHERICAL HARMONICS (continued)

For i = 1 to n-m-

Uy = c0S(#) uj-u
L

Vo = COS(G)vl-v
o

Update UsUysVysV
NEXT i
Disp u2’V2
Stop

1

\

77| ) )
(m+i)"-m (2(m+i)+1) (2(m+i)+3)
4(m+i)°-1 | (i+2m+1) (i+1)
(mi)2-m? | | (2(m+1)+1) (2(m+1)+3)
4(m+i)2-1 (i+2m+1) (i+1)

p—




SAMPLE PROBLEM

A) Calculate Yg

B) Calculate Yé

—
—
-
~nN
~
il

m
Y(0,9)

(2,2) = ¥™(8,0)

ISOLUTION
STEP INSTRUCTIONS DISPLAY INPUT

1 | Run program **%% SPHERICAL HARMONICS ***
2 | Enter subscript Subscript of harmonic? 2 [RTN]
3 | Enter superscript Superscript of harmonic? 0 [RTN]
4 | Continue Recheck sub/super or Continue?R | C [RTN]
5 | Enter 6 First angular argument? 1 [RTN]
6 | Enter ¢ Second angular argument? 2 [RTN]
7 | View result Re(Y(0,2,1,2)) =

-3.91780206022E-2 [RTN]

Im (Y(0,2,1,2)) =

0 [RTN]
8 | Run again Run again, View again, or End?R | [RTN]
9 | Enter subscript Subscript of harmonic? 1 [RTN]
10 | Enter superscript Superscript of harmonic? 3 [RTN]

Sub/super reversed: Superscript out of range!

11 | Enter subscript Subscript of harmonic? 3 TRTN]
12 | Enter superscript Superscript of harmonic? 1 [RTN]
13| Check entries Recheck sub/super or Continue?R [RTN]
14 Subscript = 3 [RTN]

Superscript = 1 [RTN]
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ISOLUTION|

STEP INSTRUCTIONS DISPLAY INPUT
15 | Continue C [RTN]
16 | Enter o First angular argument? 2 [RTN]
17 | Enter ¢ Second angular argument? 2 [RTN]
18 | View result Re(Y(1,3,2,2)) =

-1.64004353583E-2 [RTN]

Im (Y(1,3,2,2)) =

3.5835605032E-2 [RTN]
19 | End program Run again, View again, or End?R |E [RTN]




USER INSTRUCTIONS

STEP INSTRUCTIONS DISPLAY INPUT

1 | Run program *%%* SPHERICAL HARMONICS ***

2 | Enter subscript, n Subscript of harmonic? n [RTN]

a non-negative integer

3 | Enter superscript, m, Superscript of harmonic? m [RTN]
a non-negative integer,
<n; for negative m,

-n<m<0 see comments.

4 | Check sub/super or continue Recheck sub/super or Continue?R R[E?N%
To check entries enter 'R': Subscript = n [RTN]/[BACK]
Press [BACK] to change entry: | New subscript = n [RTN]

New superscript = m [RTN]

5 | Enter 6, 0<b<m First angular argument? 6 [RTN]

6 | Enter ¢,0<p<27 Second angular argument? ¢ [RTN]

7 | View result: Re(Y(m,n,8,%)) =

number [RTN]
Im (Y(m,n,0,2)) =
number [RTN]
R,V, or E
8 | Select program options Run again, View again, or End?R [RTN]

To run again, enter 'R' and

goto step 2.

To review the result, enter 'V

and goto step 7.

To end the program, enter 'E'.
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VARIABLE NAMES

NAME DESCRIPTION NAME DESCRIPTION
FNA Answer function W Factor
A Dummy variable for FNA Fq Coefficient for Y
Real/Imaginary parts of
N Subscript u,v final values
M Superscript Uy,Vq Real/Imaginary parts
T The argument 6 in recurrence, Y$+1
F The argument ¢ Us,Vo Real/Imaginary parts
T$ String for sub/super check in R recurrence, Y$
Q$ String for RVE module

NOTES AND REFERENCES

References:

Note:

1. Sommerfeld, A., PARTIAL DIFFERENTIAL EQUATIONS IN PHYSICS,
(Academic Press, New York, 1949).

2. Cohen-Tannondji, C., B. Diu, and F. Laloé, QUANTUM MECHANICS,
(Vol. 1, John Wiley & Sons, New York, 1977).

To compute Y;m for m>0 use the relation:

Complex conjugate (Yﬂ(e,¢)) = (-l)mY;m(e,¢)




PROGRAM LISTING

10
20
30
40
50
60
70
80
20
100
110
120

130
140

150
160

170
180

190

200
240

PSGPHERTCAL HARMONICS

' Compute the values of the

I apherical harmonics by

P recursion

I Revision 14/04/4982

DISP % % % SPHERICAL  HARMONICS X
¥ X7 8 0PTION ANGLE RADIANS

P UWait for return,back keys

DEF FN&

A=NUMIKEY$) @ TF ARL3 AND AdE THEN
?0

FNA=A & END DEF

INPUT “Subscript of harmonic?’;N
IF FPOMDH0 OR NSO THEN BEEP @ DISP
“Invalid subscript!’ @ GOTO 440
INPUT “Superscript of harmonic?’ ;M

IF FPOMYED THEN BEEP @ DISP “Invali

d superscript!’” @ GOTO 130

IF MO>N THEN REEF & DISP ‘Superscrip

T oout of range!’ & GOTO 140

IF MO0 THEN BEEF @ DISP ‘Enter abs(

m) and see comments!’ & GOTO 430
P Correct sub-superscript?

DISH CHRE%(210);echeck sub/super or

TSOMRE CAR)

INPUT “ontinve?’, R7; TH @ TH=UFRCSE

(T$L4,41)
ON POSCRCY,TH)+1 GOTO 480,240,240

DIGF “Gubacripts='3;N & IF FMNA=E THEN

DISP “New subscrip’/; @ ITNPUT 2t
N B GOTO 220

3

DISF ‘Superscript=’;M & IF FNo=8 TH

EN DISF ‘New superscrip’; @ INPUT
=15 MO8 GOTO 230

’

IF aBSOMY >N O THEN BEEP @ DISP ‘Super

seript out of range!’ @ GOTO 110 EL

SE GOTO 180
INFUT “First angular argument?’ ;7T

TE 10 O THPT THEN BEEP € DISF ‘An

gle out of range!’ & GOTO 240
INFUT “Second angular argument?’;F
IF FCO OR FY2%PL THEN BERP & DIGP
Afngle out of range!’ @ GOTO 2&0

P Compute YOm,m)

TF O M=0 THEN Ws4/(2XEARFIY Y & GOTO
610

|

FOR T=3i TO M

Fras=aelnrg s caxli+in

NEXT T

P Cmd0 " MABER CEXP TR 1)

WP ARG TN CT Y A

bR COS OMRF ) & V=S TNOMXEF)

P Compute harmonics by

7’

-Enter

=(ption

~Enter

subascript superscript
>

to correct entries

angular arguments
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PROGRAM LISTING

380
390
400
440
420
430
440
450
460

470

560

590

600

I recursion relation

P inditalize

IF N=M THEN %20
Ul=GQR(2XM+3)XCOSCTIXU & VE=50R (2%M
+EIKCOSCTIRY

IF N=M+i THEN U=Ui @ V=i & GOTO Y2
0

P Main loop for spherical harmonics
FOR I=1 TO N~-M-1i
U2=COBCTIRUL~UXSAR C CIM+ ) AR-M22) /(4
KM+ *2-4))

U2=GRR CC2R M+ T I+ 00K (2K (M+TI+3) /¢ (T +
MAMA LY T AM~Me4)) Y %Ug
VE=COSCTIRVE~VRSAR ( CCT+MY A 2-M42) /(4
¥CE+MI 2240

Va2=G@R CC2X CTHMI + 4 KX CT+MI+30 /7 ( (T +
MEM+L YK CT+M-M+1) ) ) %VE

U=U4 & Ui=U2 @ V=4 @ Vi=y2

NEXT I

U=U2 @ U=V

DISP "Re(YC/ 3M; 7, 3N; 7/, 5T;7,73F;%)
Y= @ IF FNA=L3 THEN DISP U ELSE &
0

IF FiNA=8 THEN %
DISHF 7TmYL{ 5M57,7;
y=0@ TF FNA=L3 THE
i

IF FNA=E THEN %20

P Run,view,or end
DTGP CHR&(2400 ;5 7un again,  ;CHR$(214
)i ldew again,or’ ;CHR$ (A7),

INPUT “nd?7,/R; Q4% @ Qe=UPRCHCOET A
4

ON POSC/RVE?,Q$)+1 GOTO %70,440,5%20
;600

STOP

R
fe

=Display results

=Program optiong




PROGRAM DESCRIPTION

ELLIPTIC INTEGRALS

The general form of the elliptic integral of the second type is given by:

el2(x,k',a,b) =

Ix a + bt dt

0 (14t2) 4/ (1+t%) (1+k ' 2t?)

in which k' # 0. Using the trigonometric substitution t=tan 6 the standard
1 z

elliptic integrals are recovered. With x=tan ¢ and k= 1-k'¢ (k is called
the modulus) the standard elliptic integrals are

= el2(tan ¢,k',1,1)

R N

¢ 2 .2
Jg\kl—k sin“8)d = el2(tan ¢,k',1,k"

E(¢,k) %)
The functions F,E are called incomplete elliptic integrals while
F(k) = F(mn/2,k), E(k) = E(m/2,k)
are called complete elliptic integrals.
Although the general integral el2 contains the complete integrals as special
22
(

cases with upper limit x=10°(¢=w/2), a separate routine is used to compute

F(k) and E(k).

Algorithm: If complete integral goto @
If general integral goto B
Input modulus k and angle ¢
x=tan ¢,k'=\’1-k2, a=1
If E(¢,k) then b=k'2; If F(¢,k) then b=1; goto By
B: Input k', x, a, b
By m=1, n=k, x =1/[x[, c=0, d=|x |/ (a+x?)
p=A((1+(k'x)2)/(1+x2)) , i=0, t=1/2, s=0, h=a-b
m2=1, n2=1

43
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PROGRAM DESCRIPTION

Y

ELLIPTIC INTEGRALS (continued)

m1=n+m,n1=2 /n m,a1=(b/m+a)/2
b1=a n+b,x1 = -mn/x0 + Xo P1= mn/p + P
cl=(d/p+2)/2,d1=m n c/p+d,

s=s+t(1-SGN(xO))

6

If ABS(l—nZ/m <10™" then Vs

5)
Update n2,m2,n?m,a,b,xo,p,d,c,t,1, goto vy

i

f:ATN(m/x0)+(2 s+(1-SGN(xo))ﬂ/2

e=a, f/m+h c ; disp e

Stop

Input k; let a,=1,b =k',f1=1, 9=k2

2 2
a3=(a2+b2)/2, c2=a3-b2
2 13

If c2<10-

. - = "2 —— =
Update: f1—2f1, g—g+f1b2,b2 /az 52,a2 ay goto oy

then wc

11=v/2a2, disp il
12= (1-9/2)11, disp 12
Stop




SAMPLE PROBLEM

A) Compute F(k)

Jéh/z do/N1-k2 sinZe, with

k = 1A/2 = .707106781188 and compute

E(K) =_/O“/2

1-k? sinze do and check

against e12(1023, .707106781188,1,1)

and e12(10%3, .707106781188,1,.5)

ISOLUTION|
STEP INSTRUCTIONS DISPLAY INPUT
A 1 |Run program *%% ELLIPTIC INTEGRALS ***
2 |Select complete integral Complete/Incomplete integral?C | [RTN]
3 |Enter modulus (1/SQR(2)) Value of modulus?.707106781188 [RTN]
4 |Results F(.707106781188)=1.85407467721 [RTN]
E(.707106781188)=1.35064388098 [RTN]
5 |Run again Run again, View again, or End?R [RTN]
6 |Select incomplete integral Complete/Incomplete integral?C I [RTN]
7 |Select general form Trig or General form?T G [RTN]
8 |Enter modulus (1/SQR(2)) Complementary modulus?.707106781188 [RTN]
9 |Enter parameters Parameter a? 1 [RTN]
Parameter b? 1 [RTN]
10 |Approximate infinite upper Upper Timit of integral? 1E23 [RTN]
limit
11 |Result el2(1.E23,.707106781188,1,1)= [RTN]
1.8540746773 [RTN]
12 |Run again Run again, View again, of End?R [RTN]
13 [Select incomplete integral Complete/Incomplete integral?C I [RTN]
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ISOLUTION

STEP INSTRUCTIONS DISPLAY INPUT

14 |Select general form Trig or General form?T G [RTN]

15 |Enter modulus (1/SQR(2)) Complementary modulus?.707106781188 [RTN]

16 |Enter parameters Parameter a? 1 [RTN]
Parameter b? .5 [RTN]

17 |Approximate infinite upper Upper 1imit of integral? 1E23 [RTN]

Timit

18 [Result el2(1.E23,.707106781188,1,.5)= [RTN]
1.35064388105 [RTN]

19 [End program. Run again, View again, or End?R |E [RTN]




SAMPLE PROBLEM

B) Compute el2(10*?, 107%,1,1)

ISOLUTION
STEP INSTRUCTIONS DISPLAY INPUT
B1 Run program **%% ELLIPTIC INTEGRALS ***

2 |Select incomplete integral Complete/Incomplete?C I [RTN]

3 |Select general form Trig or General form?T G _[RTN]

4 | Enter complementary modulus Complementary modulus? 1E-11 [RTN]

5 | Enter parameters Parameter a? 1 [RTN]
Parameter b? 1 [RTN]

6 |Enter upper 1limit of integral [ Upper limit of integral? 1E12 [RTN]

7 |Result el2(1.E12,.00000000001,1,1)= [RTN]
26.614896305 [RTN]

8 |Run again Run again, View again, or End?R | [RTN]

9 |[Select incomplete integral Complete/Incomplete integral?C I [RTN]

10 [ Select general form Trip or General form?T G [RTN]

11 [Enter complementary modulus Complementary modulus? 1E-11 [RTN

12 | Enter parameters Enter parameter a? 1 [RTN]
Enter parameter b? 1 [RTN]

13 | Enter upper Tlimit Upper Tlimit of integral? 1E9 [RTN]

14 [Result e12(1000000000,.00000000001,1,1) [RTN]
21.4163880183 [RTN]

15 |End program Run again, View again, or End?R | E [RTN]
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SAMPLE PROBLEM

C) Compute the length of the ellipse x2/16+Y%/4 = 1

The modulus k = the eccentricity =
while k' = b/a,k'? = b%/a’.

b = 2; we get k'

az—b2

a

Since a = 4 and

.5 and k'? = .25. The

Tength = dae(k) = 16 e12(10%°,.5,1,.25)

_ISOLUTION
STEP INSTRUCTIONS DISPLAY INPUT
C1 | Run program s%% ELLIPTIC INTEGRALS ***
2 |Select incomplete integral Complete/Incomplete integral?C I [RTN]
3 |Select general form Trig or General form?T G [RTN]
4 | Enter complementary modulus Complementary modulus? .5 [RTN]
5 | Enter parameters Parameter a? 1 [RTN]
Parameter b? .25 [RTN]
6 | Approximate infinite upper Upper Timit of integral? 1E23 [RTN]
limit
7 | Result el2(1E23,.5,1;.25)F [RTN]
1.21105602757 [RTN]
8 | End program Run again, View again, or End?R | E [RTN]
9 | Final answer is 16xresult: Ex16 [RTN]
19.3768964411




USER INSTRUCTIONS

STEP INSTRUCTIONS DISPLAY INPUT
1 | Run program *%% ELLIPTIC INTEGRALS ***
2 | Select complete or incomplete | Complete/Incomplete integral?C ER$E]I
integral:
For incomplete integral,
goto 6.
3 | Enter value of modulus K: Value of modulus? K [RTN]
4 | View results F(K), E(K): F(K)= [RTN]
E(K)= [RTN]
5 | Goto step 16.
T or G
6 | Select trig substitution or Trig or General form?T [RTN]
general form:
For the general form goto 12.
7 | Enter modulus K: Value of modulus? K [RTN]
8 | Enter the angle ¢: Value of angle? ¢ [RTN]
9 | Select function: E function or F function?F ER$K]F
10| View result: E(F2,K)= [RTN]
11| Goto step 16.
12 | Enter the complementary Complementary modulus? K' [RTN]
modulus:
13| Enter parameters: Enter parameter a? A [RTN]
Enter parameter b? B [RTN]
14 | Enter the upper 1limit of the Upper Timit of integral? X [RTN]
integrand:
15| View result: el2(x,k',a,b)= [RTN]

E

[RTN]
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USER INSTRUCTIONS

STEP INSTRUCTIONS DISPLAY INPUT
R,V, or E
16 | Program options: Run again, View again, or End?R [RTN]

To run the program again

enter 'R'.

To view the result again

enter 'V'.

To end the program enter 'E'.




VARIABLE NAMES

NAME DESCRIPTION NAME DESCRIPTION
FNA Answer function S1 Accumulator
Z1 Dummy for FNA T Factor = 2 power
K Modulus I Exponent for 2
Ky Complementary modulus E.F Final computation of el2
Fo Angle A2
A Parameters in el2 B2
Iterated variables
B Parameters in el2 F1l
in complete integral
X Upper Timit of integral G
Flag for various types
4 of integral c2
Final answers for
M,M, 11,12 E(k), F(k)
Test string for complete/
N,N, A$ incomplete
Test string for trig/
X0,X, B$ general form
Variables in iteration
c,C, C$ Test for E,F
D,D, Q$ Test for RVE
Save values for
P,P M2 ,M2 stopping test

NOTES AND REFERENCES

References: 1.

Bulirsch, R., NUMERICAL CALCULATION OF ELLIPTIC INTEGRALS AND

ELLIPTIC FUNCTIONS, (Num. Math., V. 7, 1965, pp. 78-90).

2. Henrici, P., COMPUTATIONAL ANALYSIS WITH THE HP-25 POCKET
CALCULATOR, (John Wiley & Sons, New York, 1977).
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PROGRAM LISTING

10
20
30
40
50
&0
70
80

S0
500
140

L20
130
140
L

160

170

200
<t

e

.....

240

250
e

270

280
290

300
Hi0
Hao
350
340
FhaA

3H0

370

Fa0

P ELLIPTIC INTEGRALS

P OF THE FIRST AND SECOND TYPE

P Computes complete and
Pincomplete elliptic integrals

P of the first and second

P otype by iteration

! Revision £1/04/4982
DISF % % % ELLIPTIC INTEGRALS X
¥ %’

P Define answer function
DEF FNA

Z1=NUMAKEYS$) @ TF Z4i#43 AND Z448 TH
EN- 440
FMA=Z4 & END DEF

P Test for compl/ine integral

DIBP CHR$(49%) ;7 omplete / /;CHR$(20
i)

INFUT “ncomplete integral?’,’C’; a%
@ A=UPRCECAELL, 41D

ON POSC/CTY A%+ GOTO 140,6%0,470
P rvig/Zgeneral form for inc integra

DIGP CHR$C2A2);rig or ‘;CHR$(19%);
INFUT “eneral form?’/,’T’; R @ Ré=U

PROSCEELL, 40

ON POSCTGY ,BE)+4 GOTO 180,220,330
P Input for trig form

INFUT “Value of modulus?’ ;K

IF K=%{ OR K{0 THEN RBEEP & DISP “In

correct valuve for modulus!’ @ GOTO

AL

INFUT “VYaluve of angle?’; F2 @ IF F2

=00 THEN DISHE 7E=0 and F=0° & GOTO &
00

IF FE2=P1/2 OR F240 THEN BEEF & DIS

P Incorrect angle!” & GOTO 240
A=TENOFE) @ KE=80RCA-KKK) & A=i @ R

=4 @ =i

L Jest for- E or F

DISE CHR%CL97) ;7 functrion or /CHRS
(1987,

INFUT 7 Function?’,F/; G4 @ CH=UPR

CHCCHia L)

ON POSCFE,CH)+4 GOTO 280,390,340

Zm @ Rl XCL 8@ GOTO 390

Polnput paramters

INPUT “Complementary moduluse?’ ;K4
INFUT ‘“Parameter a?’; & & Admp
INFUT “Parameter h?; B @ Ri=R
INFUT “Upper Limit of inteqral?’; X
@ TF X0 THEN E=0 & Z=2 @ G0T0 %90
L=

Podndtialize variables

=Wait For

-SGelect

~Gelect

~HBelect

~Enter

g ter

‘RTN’ or “RACK’Y keys

complete or incomplete
integral

Tirig

E or

or General form

Fofunction

modulug, parameters

upper

Limit




PROGRAM LISTING

K0

400

4150
420
4350
4410
4% 0
460
470
480
490
%00
%410
520
5%0
540

550

560
L7

580
590

600
640

HE0
HE(
640
&S

660

&7
&G0
&70
700
740
70
Al
740
750

) 760

770

7e0

M=4 @ N=ARS(KL) & XO0=i/aRE(X) @ (=0
@ D=ARSCA) /7 (L+XKX) B P=8QR((4+(KixX

POMFINEASED S S OB

I=0 @ T=4/2 @ =0 ¢ H=6-B & M2={ @
D

I Main iteration

Mi=NeM

NA=2%XG6R (NAM)

AL=(B/MtN) /2

Ri=AXKN+R

XE=-MEN/XO+X0

PAi=MKN/P+P

Ci=(D/P+CH/2

DA=MeNkC/P+D

SuG4+TRCOL-SENX0))

I Test for completion

IF ARSCLA-N2/M2XC. 000001 THEN %70

D Update variables

N2=N & M2=M

MN=NL @ M=Mi @ A=a1 @ B=Ei @ X0=Xi @
P=pi & D=Di @ C=CiL @ T=T/2 & I=l+i
@ GOTO 420

I Final calculation
FaTNCM/X0) + (22 TS+ (4-8GNIX0) ) /2) %P
L7

Es= A XF /M4 HXKC A

I Z=2 THEN DISP USING "“/el2(’,k,’,
Pk, kK, Lk Iy LK, A4, B

@ GOTO &20

IF Z=4 THEN DISP
& GOTO 620

IF Z=0 THEN DISF TEC/F2;7, 5K =’
®GOTO &20

IF FiNA=L3 THEN 630 ELSE &20

DISE E & IF FNA=8 THEN S%0 ELSE 800
P Complete elliptic integrals

INFUT “Value of modulus?’; K @ Z=3

IF Ke=4 QR KO THEN REEF & DISP 7In

correct value for modulus!” @ GOTO

H50

AE=d B BE=HARCL-KKK)Y @ Fi={ & G=KkK

AA= AR RE) /2 B CR=AR-RE

TFOARSCCEXCEY (L E-13 THEN 790

Fa=2%F 4

GG+ L RCEXCE

L= GAR CAZRRED

Z
(]

TECGFR K s

GOTO &80

Ti=F1/(2%A2) € DISP USING "/F(/,k,’
=l Lk K, T4

IF FNA=E THEN 750

I2=(1-G/2)%T11 @ DIGF USING "/E(/,k,
SymlL k" 5 K, IE

IF FNA=6 THEN 770 ELSE 800

-Display result

~Complete elliptic integrals

=Display results
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PROGRAM LISTING

790
&oo

8410

G0

830
e840

P RVE module ~Program options
DIGP CHR%:(210);‘un again,’;CHR%(214
Yy fdew again,or’ ;CHR$CL97);

INFUT “nd?7,’R’; G% @ Q$=UPRCE(QSLA
P e

ON POSCRVE?,Q4)+4 GOTO 800,440,830
» 840

ON Z4+8 GOTO 640,600,%90,7%0

STOP




PROGRAM DESCRIPTION

BESSEL FUNCTIONS: ASYMPTOTIC EXPANSION

This program computes the values for large z of the Bessel functions Jm(z)

and Ym(z).

Let (a)k:=a(a+1)...(a+k—1) for k a non-negative integer. The Bessel func-

tions of the first order, Jm(z), and second order, Ym(z) are defined asymp-
totically by:

J (z)= V2/nz (Pm(z)COS(Z-mﬂ/2-ﬂ/4)-Qm(z)SIN(z—mﬂ/Z—ﬂ/4))

Y (z)= V2]7z (Qm(z)COS(z-mn/Z-ﬂ/4)+Pm(z)SIN(z-mﬂ/2-ﬂ/4))

in which Pm(z) and Qm(z) for Targe values of z are given by:

P (z)= Z(-1)"(%-m),

2m _
m n ‘ n n/((zn)!(zz) )9 n—O,l,...

1
( 2+m)2

Q,(2)= Z-1)"(om) g Catm), L /((20+1) 1 (22)°™h) ) ne1,2,.

Algorithm: Input m,z
Let n=0, c=1, a=1, b=0
DEF g(w) = (-%-m+w) (-s+m+w)/(2zw)
a: n=n+l, c=q(n) c, gq=q(n)

If MOD(n,2)=0 then a=a+(-1)"2

bbe(-1){ " D/2 ¢

c, goto B

B: If q(n)=0 then vy
If n small enough then a
y: u=z-mn/2-1/4, v= V2/(nz)
r=v(a COS(u) - b SIN (u))
s=v(b COS(u) + a SIN(u))
Disp J(m,z) = r
Disp Y(m,z) = s
Stop
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SAMPLE PROBLEM

Estimate JO(17), YO\17)

Estimate J1

1/2(6)’ Y11/2(6)

ISOLUTIONI

STEP INSTRUCTIONS DISPLAY INPUT
A1 | Run program ##% BESSEL FUNCTIONS ***
2 | Enter order Order of Bessel function? 0 [RTN]
3 | Enter argument Argument of Bessel function? 17 [RTN]
Computing...
4 | Answer J(0,17) = .169854252151 [RTN]
Y(0,17) = -926371984416E-2 [RTN]
5 | Run again Run again, View again, or End?R | [RTN]
6 | Enter order Order of Bessel function 5.5 [RTN]
7 | Enter argument Argument for Bessel function? 6 [RTN]
Computing...
8 | Answer J(5.5,6) = .309778760825 [RTN]
Y(5.5,6) = -.319846110638 [RTN]
9 | End program Run again, View again, or End? E [RTN]




USER INSTRUCTIONS

STEP INSTRUCTIONS DISPLAY INPUT
1 |Run program **%% BESSEL FUNCTIONS ****
2 | Enter order Order of Bessel function? M [RTN]
3 | Enter argument, Z, Argumant of Bessel function? Z [RTN]
4 | Answer J(m,z) = [RTN]
Y(m,z) = [RTN]
R,V, or E
5 | Select program options: Run again, View again, or End? [RTN]

To run again enter 'R' and

goto step 2.

To view the answer again

enter 'V' and goto step 4.

To end the program, enter 'E'.
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VARIABLE NAMES

NAME DESCRIPTION NAME DESCRIPTION
FNA Answer function N Counter
Accumulators for sum
D Dummy variable for FNA A,B of series P.Q
FNG Multiplier function C Main term of serijes P,Q
Simplify argument for
M Order of Bessel function U sine and cosine
/A Argument of Bessel function V Factor forJ.Y
W Dummy variab]e for FNQ R Final computations
Input string for
Q$ RVE module S
NOTES AND REFERENCES J
References: 1. Henrici, P., APPLIED AND COMPUTATIONAL COMPLEX ANALYSIS,

(Vol. 2, John Wiley & Sons, New York, 1977).

2. Henrici, P., COMPUTATIONAL ANALYSIS WITH THE HP-25
POCKET CALCULATOR, (John Wiley & Sons, New York, 1977).
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PROGRAM LISTING

10
20
X0
40
S0
&HO
70
&80
20

100
140

e

130
140
gm0
160
170

AR
190
200

230
220
a3l
240

250

260
&270
280
250
00
310
320
330
340
350
60

370
380

290
| 400

44.0

PORESSEL FUNCTIONS

Vo(Asymptotic expansgion)

P Approximates the valuves of

I Bessel functions using an
Vasympltotic expansion.

P Works best for larqge

P values of the arqument.

I Revision 14/04/74982

DISF 7% % % ¥ BESSEL FURNCTIONS % %
¥ X R OPTION ANGLE RADYIANS

INPUT ‘Order of Bessel function?’/;M
INFUT “drgument of Bessel function?
7 }Z

IF Z<¢=0 THEN BEEP @ DISF “Invalid a
rogument’ @ GOTO 440

DISF ‘Computing. ..’

PoIndtialize

oy N=0 @ @, G

P Define multiplier function

DEF FNGOWY = L/ )~ 4/2~M+uW)
-1/ 24M0)

P Define answer
DEF FNA
Da=NUMOKEYS ) @& I1F
200

F @D
I Main
PN
CoaFRE R RC B G=FNGOND

fumction

DAEE ANMD DRE THEN
@ END DEF
Loop

TF MODON, 2)=0 THEN A=6+(-51) " (N/2IXC

® GOTO 270

Beale (=4 2 TP CON+4) /2 %0
IF FNOCNY=0 THEN 300
TFONCES THEN 230

P Actual calculation of values
UsZ-MAPT/2-PL/4 @ V=GAR(2/(PIXZ)Y)
RV CARCOS (WD -RBES TN
G=UN(RRCOS W +AXETINDY)
DIGP USING "7JC,k, 7, k, =, k"
M,Z,R

PWait for RTN kevy

IF FNAELI THEN 3%0
DIGF USTNG "' YC/,k,” , ,k, )=
M,7,5

TF O FNaEL3 THEN 3%0

I Program options

’ noo,
2 k >

DIGP CHRE$C250);un again, 7 ;CHRSG(ZL
4); Tdew again, o GCHR$0497);
INPUT nd?? /R Q% @ QE=UPRCHSIAST A
1

O POSCRVE Y ,Q4)+1 GOTO 390,400,330
s 420

DISP @ STOp

~Enter order, argument

~Waites Forr TRTN or "BACKY key

=Hete number of
in othe serioes

Tarms Computed
for p,q

=Digplay results

runoaging, view

ond .

=~Options to
again, or
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PROGRAM DESCRIPTION

BESSEL FUNCTIONS: BACKWARD RECURRENCE

This program computed approximate values of the Bessel functions Jm(z),

which are solutions of the differential equation:

2
2 d d 2 2 _
z 527 Jm(z) + z T Jm(z) + (z%-m )Jm(z) = 0,

We can approximate the Jm(z) by finding a sequence of numbers Ym that

also satisfies the backward recurrence relation:

Yme1 - g%-Ym * ¥y = O

Jm(z) is approximately proportional to Ym’ with the constant of propor-

tionality c, given by:

Cis Y0 + 2Y2 i 2Y4 + ..

Algorithm: Input z, m, k
Initialize y(k+1)=0, y(k)=1, c=0
For i = k to 1 step -1
y(i-1) = 2iy(i)/z-y(i+1)
If i =1 then c=c+y(0)
If MOD(i,2)=0 then c=c+2y(i)
Next i
For i =0 tom
y(i) = y(i)/c
Disp Ji(z) = y(1)
Next i
Stop




SAMPLE PROBLEM

Compute Jm(l) for m=0, 1, 2, 3, 4, 5

|ISOLUTION [
STEP INSTRUCTIONS DISPLAY INPUT
1 | Run program *%k BESSEL FUNCTIONS ***
2 |Enter argument Argument of Bessel function? 1 [RTN]
3 |Enter iterations Number of iterations? 30 [RTN]
4 | Enter largest order Order of Bessel function? 5 [RTN]
5 | Answer - review Tower J(0,1) = .765197686559 [RTN]
order function J(1,1) = .440050585745 [RTN]
J(2,1) = .114903484932 [RTN]
J(3,1) = 1.95633539827E-2 [RTN]
J(4,1) = 2.47663896411E-3 [RTN]
J(5,1) = 2.49757730211E-4 [RTN]
6 |End program Run again, View again, or End?R | E [RTN]
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USER INSTRUCTIONS

STEP INSTRUCTIONS DISPLAY INPUT

1 | Run program *%%% BESSEL FUNCTIQONS ****

2 | Enter argument Argument of Bessel function? z [RTN]

3 | Enter number of jterations Number of iterations? k [RTN]

4 | Enter order of function Order of Bessel function? m [RTN]

5 | View answer J(m,z) = [RTN]/[BACK]
Press [RTN] to view
next answer, press [BACK]
to view previous answer.

6 | Select program options: Run again, View again, or End?R R’%ﬁTﬁg :

To run the program again

enter 'R' and goto step 2.

To view the answer again,

enter 'V' and goto step 5.

To end the program enter 'E'.




VARIABLE NAMES

NAME DESCRIPTION NAME DESCRIPTION
FNA Keyboard function K Number of iterates
Array for recurrence,
A Dummy variable for FNA Y(65) iterates
Argument for Bessel . )
JA function C Proportionality constant
Input string for
M Order of Bessel function Q$ RVE module

NOTES AND REFERENCES

Notes:

References:

1. The maximum number of iterations is 64. This can be altered
by changing the dimension statement on Tine 60.

2. The number of iterations must be Tlarger than or equal to the
order of the Bessel Function.

1. Gautschi, W., COMPUTATIONAL ASPECTS OF THREE-TERM RECURRENCE
RELATIONS, (SIAM Review, Vol. 9, 1967, p.24-82).

2. Henrici, P., COMPUTATIONAL ANALYSIS WITH THE HP-25 POCKET
CALCULATOR, (Wiley-Interscience, New York, 1977).
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PROGRAM LISTING

10
20
30
40
50
60
70

&0
90
100

40
120

130

140
150

160

170
180
190
200
240
220
230
240
250
260
270
260
290
00
340
30
330

340

350

360
370
380

390

I RESSEL FUNCTIONS
I Approximate Ressel functions
P using backward recurrence
I relations.
' Revision 11/01/4982
DIM Y(&%)
DISP “ X X % RESSEL FUNCTIONS % X
*I
' Define keyboard function
DEF FNA
A=NUMCKEYS$) @ IF A%FL3 AND A®8 THEN
100
FNA=/ & END DEF
INPUT “Argument of Bessel function?
I_z
?
INPUT “Number of dterations?’;K

INFUT “Order of Bessel function?’/;M
IF MK THEN RBEEP @ DISF ‘Invalid or
der/iterate relation!’” & GOTO 140
IF M40 OR FPOMYEKO THEN REEP @ DISP
Tnvalid order!’ @ GOTO 1490

DIBP ‘Computing. ..’

PIndtialize dterate array

Voand proportionality constant.
YK+8)=0 @ Y(K)=4 @& (=0

I Main loop

FOR T=K TO i STEP -4

YO8 ) =2NTkY (D) /2-Y CT+4)

IF T=1 THEN C=C+Y{0) @ GOTO 2270

IF MODCL,2) THEN 270

C=C+axyY (1)

NEXT T

FOR T=0 T0O M

Y{I)=Y (I /0

NEXT T

P Display lower order values

FOR I=0 TO M

DISP USING "JC/,k,”, ,k,’ y=',k" ;
I,Z,Y(D

TF Fia=8 THEN T=MAX(I-4,0) & GOTO 3
A0

NEXT T

DISF CHREC240);un again, “;CHR$(24
4); 70 ew again, or 3OHRGCLR?)

INPUT ‘nd?’,’R’‘; Q% @ Qe=UPRCS(Q$TA
LA
ON POSCRVE’,Q8)+1 GOTO 360,120,320
L3290
GTOR

=Waits for ‘RTN’ or ‘RACK’ key

~Enter argument, number of
iterations

~Maximum number of iterations
e b4~ see line 180

=Program options



PROGRAM DESCRIPTION

GAMMA FUNCTION

This program computes the values of the Gamma function
r(x) = j;tx'le_tdt

which extends the definition of factorial n! (the product of the first n
integers for n a positive integer)

r(x) = (x=1)!
to all numbers x such that x>0.
Integration by parts yields I'(x+1) = xI'(x) and this recursive relation in turn
implies I'(x) = T(x+n)/x(x+1) ... (x+n-1).

Stirling's formula yields the asymptotic approximation for I'(x):

3 5

Toal(x) = (x-%)Toa(x) - x + 10gv2m + by/2x +(b,/3)4x™ +(bg/5)6x" + ...
in which b2, b4, b6,... are the Bernoulli numbers.
Algorithm for T'(x):
If x is a positive integer compute T'(x)=(x-1)!
as a product of integers.
If x is a real number 28 use Stirling's approximation
to compute T'(x)
If x is a real number <8 use the recursive formula and Stirling's
formula to compute I'(x).
Disp I'(x)
Stop

65



66

SAMPLE PROBLEM

A) The formula for the area of the (n-1) - dimensional unit
sphere in n-space is given by the formula:
212/ (n/2)
Compute the volume of the unit sphere in 4-space. Note
that the sphere is the boundary of the unit ball in
n-space, so B,={X:Xe R", ||X||<1} while Sn-1 =
X:Xe RN, ||X][=1} where ||X|| =N X{%+...+X,2.
To solve this problem note that the program terminates
with a STOP statement instead of an END statement. This
means that the variables used in the program are avail-
able for inspection. The variable G contains the final
answer for gamma, and can be used in keyboard calculations.
ISOLUTIONL
STEP INSTRUCTIONS DISPLAY INPUT
A1 Run program * % % % GAMMA FUNCTION * * * *
2 |Enter argument: Arg for gamma function? 2 [RTN]
n=4 so enter n/2=2
3 [View answer r(z)=1 [RTN]
4 |End program Run again, View again, or End?R | E [RTN]
5 [Use variable G to complete the

probTlem

>2%P1°2/G [RTN]

Final answer

19.7392088022




SAMPLE PROBLEM

B) The volume of the n-dimensional unit ball is 1/n area

of (n-1) dimensional unit sphere, hence equals:

Hn/2

/T(n/2+1)

Compute the volume of the unit ball in 3-space.

|ISOLUTION/

STEP INSTRUCTIONS DISPLAY INPUT
B1 Run program * % % % GAMMA FUNCTION * * * *

2 | Enter argument: Arg for gamma function? 2.5 [RTN]

3 | View answer r(2.5)=1.32924038819 [RTN]

4 | End program Run again, View again, or End?R | E [RTN]

5 | Use variable G to complete the

problem: >P1™(3/2)/G [RTN]
6 | Final answer 4.18879020475
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USER INSTRUCTIONS

STEP INSTRUCTIONS DISPLAY INPUT
1 |Run program * % * % GAMMA FUNCTION * * * *
2 |Enter argument: Arg for gamma function? X [RTN]
3 |View answer r(X)=r [RTN]
: R, V, or E
4 |Select program options: Run again, View again, or End?R [RTNj

To run the program again enter

'R' and goto step

2. To view

the answer again,

enter 'V'

and goto step 3.

To end the

program enter 'E'.




VARIABLE NAMES

NAME DESCRIPTION NAME DESCRIPTION
First five Bernonlli
B(I) numbers (1gi<5) s For small values
Argument for Jeulati
X gamma_function p calculation
D In place calculation Q N! S Temporary storage
G Final value of gamma Q$ String for RVE module

69

NOTES AND REFERENCES

Note: The volume of the sphere of radius r is r 11 times the area of the
unit sphere, while the volume of the ball of radius r is r" times
the volume of the unit ball.

References: 1. Knopp, K., THEORIE AND ANWENDUNG DER UNENDLICHEN REIHEN,
(Springer-Verlag, Heidelberg, 1964).

2. Henrici, P., COMPUTATIONAL ANALYSIS WITH THE HP-25 POCKET
CALCULATOR, (Wiley-Interscience, New York, 1977).

3. Flanders, H., DIFFERENTIAL FORMS, (Academic Press,
New York, 1963).
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PROGRAM LISTING

10
20
30
40
50
60
70

&0
20

100
110

120
130
140

150
160
170
180
190
200
2410
£

230
2410

250
260
270
280
290
300
340
320
330
340

360

370

I GAMMA FUNCTION

P Approximate the generalized

I factorial function by an

I augmented Stirling formula

P N.R. Gammma(x+4)=x1

I Revision 14/04/82

DISP 7 X X X % GAMMA FUNCTION X % X
*I

P Store first few Bernoulli nos

BLA)=4/6 @ RB(2)=-4/30 & R(I)=4/42 @
B(4)=~-4/30 @ R(H)=%/64

INPUT “Arg for gamma funcitn?’ ;X

IF FPOO=0 AND X<{=0 THEN BEEP ® DIS

P ‘Gamma has a pole here,try again!

@ GOTO 400

IF X=1 THEN G=4i @ GOTO 340

IF FROOE0 THEN 220

P Compute integral gamma

D=4,

FOR I=4 TO X-1i

D ITXD

NEXT I

G=D & GOTO 340

I Use recursion to compute
P Gammma for small values

Y=X @ P=

TF Y 2>=8 THEN 2%0 ELSE P=YXKP @ Y=Y+4
@ GOTO 230

P Stirling’s formula

Gu=SAR (ZRPT/YIRY AYREXF (~Y) @ S=(

P Correction term

FOR K=2 TO 10 STEP 2
H=04+R0C/2) /7 CCK~ L) RKERY A (K-1))

NEXT K

G=EXF(8) & G=06GX5/P

DISE CHR%C&H); (/X7 =" ;0

IF NUMCKEY$S) 343 THEN 320 ELSE %40

P Run,view,or end

DISE CHRE4210);7un again,’;CHR$(Z214
)i fdew again or CCHRH(L97);

INPUT “‘nd?,/R7; Q% @ Qd=UPRCH(QST 4
410

ON POSCRVE,Q%)+1L GOTO 340,400,340
s %70

aTOp

~Compute integral gamma
function as factorial
saperatly

-Use Stirlings formula for
lLarge values of X

“Program options



PROGRAM DESCRIPTION

ERROR FUNCTION

This program computes the values of the error function

2y dt.

erf(x) = 2= | EXp(-t
/’TT 0

The integral is evaluated as a special case of the incomplete gamma function
I'(o,x) = J.e_tta'ldt. As a result, erf(x) =(1//m) F(1/2,x2).

0
Algorithm: Input argument x
”
Disp erf(x) =(1/v/m)a(%,x")
Stop

Def g(b,y) (incomplete gamma)

2
u0=zo=1/b, z, = y/(b+b"), u1=u0+z1
2
a2, = yzi/(z;tyz )

b
g=EXP(-y)y u,
If not complete, update Zs275Us and goto «

g(b,y) = g, end def.

Al
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SAMPLE PROBLEM

Compute erf(.01),erf(1),erf(3),erf(5).

ISOLUTION |
STEP INSTRUCTIONS DISPLAY INPUT

1 |Run program *%% ERROR FUNCTION ***

2 | Enter argument: Argument for Erf? .01 [RTN]
Computing...

3 |View result Erf( .01 )=1.12834155558E-2 [RTN]

3 |Run again Run again, View again, or End?R | [RTN]

4 |Enter argument: Argument for Erf? 1 [RTN]
Computing...

5 |View result Erf( 1 )= .842700792944 [RTN]

6 |Run again Run again, View again, or End?R | [RTN]

7 |Enter argument: Argument for Erf? 3 [RTN]
Computing..

8 |View result Erf( 3 )= .999977909523 [RTN]

9 |Run again Run again, View again, or End?R | [RTN]

10 | Enter argument: Argument for Erf? 5 [RTN]
Computing...

11 | View result Erf( 5 )= .999999999999 [RTN]

12 [End program Run again, View again, or End?R | E [RTN]




USER INSTRUCTIONS

STEP INSTRUCTIONS DISPLAY INPUT
1 | Run program **% FRROR FUNCTION ***
2 | Enter argument Argument for Erf? x [RTN]
3 | View answer Erf(x)= [RTN]
. . . R,V, or E
4 | Select program options: Run again, View again, or End?R [RTN]

To run the program again,

enter 'R' and goto step 2.

To view the answer again,

enter 'V' and goto step 3.

To end the program, enter 'E'.

73



74

VARIABLE NAMES

NAME DESCRIPTION NAME DESCRIPTION
FNG(B,Y) Incomplete gamma function G Final value of FNG
B,Y Argument for FNG F Final value of erf
Input string for
uo,u1,u2 Iterates for Q$ RVE module
20,21 computing FNG

NOTES AND REFERENCES

Reference: Tricomi, F., LECTURES ON THE USE OF SPECIAL FUNCTIONS BY
CALCULATIONS WITH ELECTRONIC COMPUTERS, (Inst. for Fluid
Dynamics, U. of Md. #47, 1966).



PROGRAM LISTING

10
20
30
40
50

6H0

70
8o
50

100
140
120
130

140
150
160
170
180
190
200
@240
220

230

240

250

260

P ERROR FUNCTION

I Compute the integral

Poof 27sqr(pidXexp(=142)

' on the interval [0,y)

' Revision 41/04/4982

DIGF 7 X ok %k ERROR FUNCTION X % %

P Define dincomplete gamma function
DEF FNG(E,Y)

Ul=1/B @ 20=1/k @ Zi=Y/(R+E"2) @ U4
=0+ 74

LR=YRZAN2/(ZA+YXRZ0)

U2=U4+Z2

IF ABS(UL-UZ)YCEPS THEN 440 ELSE Z0=
Z1 @ Z4=72 @ Ui=U2 @ GOTO 400

FNG=(G & END DEF

P Enter arg and compute Erf

INPUT “Argument for Erf?/;Y

DISP “Computing...”

Fe=d Z8AR (P T OYXFNG (.S, YXY)

DIGP “ErfC/;Y; )=’ ;F

P UWait for return key to continue
IF NUMKEY$)H#L3 THEN 240 ELSE 230

V' Run,view,or end

DISP CHR4C210);7un again, ' 5CHRG (244
2 7dew again or G CHR$CLI97);

INPUT ‘nd?’,’R7; 0% € Q5=UPRCH(QHT4
LA
ON POSCRVE’ Q%) +4 GOTO 230,160,150
, 260
GTOR

“Test for completion

“Program options
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PROGRAM DESCRIPTION

LEGENDRE POLYNOMIALS

This program computes the values of the Legendre polynomials Pn(x)
where -1<x<l and P =1

The Legendre polynomials satisfy the recurrence relation:

=0

(n+1)P 2n+1)xPn+nPn_

n+1_( 1

Algorithm: Input n,x

Let c=x, b=1

FOR k=1 to n-1
p=((2k+1)xc-kb)/(k+1)
Update b,c

NEXT k

Disp Pp(x)=P

Stop



SAMPLE PROBLEM

Sample Problem: A) Find the value of the Legendre polynomial

Pn(x) =: P(n,x) For n=5at x = .5

JSOLUTION |
STEP INSTRUCTIONS DISPLAY INPUT
A1 Run program *** | EGENDRE POLYNOMIALS ***
2 |Enter degree n=5 Degree of polynomial? 5 [RTN]
3 |Enter point x=.5 Point of evaluation? .5 [RTN]
4 |Answer P(5,.5) = [RTN]
.08984375 [RTN]
5 |Trig form of answer P,(cos6) P(5, cos(1.0471975512) = [RTN]
.08984375 [RTN]
6 |End program Run again, View again, or End?R | E [RTN]
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SAMPLE PROBLEM

B) A function f(x) on [-1,1] is approximated by the formula

f(x)=-.5 Pz(x)+1.3P3(x). Estimate f at x=.5

ISOLUTION L
STEP INSTRUCTIONS DISPLAY INPUT
B1 Run program *%% | EGENDRE POLYNOMIALS ***
2 | Enter degree n=2 Degree of polynomial? 2 [RTN]
3 | Enter point x=.5 Point of evaluation? .5 [RTN]
4 | Answer P(2,.5) = [RTN]
-.125 [RTN]
5 |Trig form of answer P(2, cos(1.0471975512)) = [RTN]
-.125 [RTN]
6 |End program Run again, View again, or End?R | E [RTN]
7 |Let Fy = -5.P Fy = -.5 % P [RTN]
8 | Run *%% | EGENDRE POLYNOMIALS ***
9 |Enter degree Degree of polynomial? 3 [RTN]
10 | Enter point Point of evaluation? .5 [RTIN]
11 [ Answer P(3,.5) = [RTN]
-.4375 [RTN]
12 | Trig form of answer P(3, cos(1.0471975512)) = [RTN]
-.4375 [RTN]
14 | End program Run again, View again, or End?R | E [RTN]
15 | Calculate final answer Fo+1.3%P [RTN]
-. 50625 [RTN]




USER INSTRUCTIONS

STEP INSTRUCTIONS DISPLAY INPUT
1 | Run program **% | EGENDRE POLYNOMIALS ***
2 | Enter degree of polynomial Degree of polynomial? n [RTN]
3 | Enter point of evaluation Point of evaluation? x [RTN]
4 | Answer P(n,x) = [RTN]
P [RTN]
5 | Answer in trig form P(n, cos 8) = [RTN]
P [RTN]
R,V, or E
6 | Run again Run again, View again, or End? [RTN]

To run again, enter 'R' and

goto step 2.

To view the answer again enter

'V' and goto step 4.

To end the program enter 'E'.
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VARIABLE NAMES

NAME DESCRIPTION NAME DESCRIPTION
FNA Answer function C4B Temporary storage and
initial values for
N Degree of polynomial computing
X Point of evaluation P Final approximation
Q$ String for RVE module

NOTES AND REFERENCES

Reference: Conte, S.D., and C. deBoor, ELEMENTARY NUMERICAL ANALYSIS,

(McGraw-Hi11, New York, 1980).
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PROGRAM LISTING

10

120
130

140
50
560
170
560
190
200
J 240
220
230
240
250

60
270
260
290
300
310
a0
X350

340

VOLEGENDRME POLYNOMIALS

I Compute the value of the

' n’th Legendre polnomial

' at the point x

' Revision 11/04/4982

DISP % % % LEGENDRE POLYNOMIALS X
X %’

' Wait for return,back keys

DEF FNA

A=NUMIKEYS$) & TF A%43 AND A%8 THEN
20

FNA=A & END DEF

INPUT “Degree of polynomial?’ ;N

INPUT “Point of evaluation?’;X

IF ABSCCXO >4 THEN BEEP @ DISP ‘Inval
id argument!’ @ GOTO 4120

' Test for degree 0,1 polys

IF N> THEN 490

IF N=0 THEN P=41 @ GOTO 260

P=X 8 GOTO 260

P Initialize

C=X @ Q=i

' Main loop

FOR K=i T0O N~4

Peaed /G4 D C2RK+ D) KXOKC~4 7 (K +4 ) KKKR
B @ Cump

NEXT K

P Answer display

DISF PO/ 5N; 7,7 5X70=" @ IF FNA=13
THEN DISP P OELSE 260

T=aC08 X)) @ IF FNA=13 THEN 280 FLSE
270

DIGF “PC/3N; 7, cos(/5T;7))= @ IF FN
A=13 THEN DI&SP P

TF FNa=13 THEN 340 ELSE 290

' RVE module

DISP CHRSC210);70n again, ' ;CHR$ (244
Y liew again, or/;CHRECA97);

INPUT “md?’,'R’; Q% @ QF=UPRCH(OST 1L
;1D

ON POSC/RVE,QE)+1 GOTO 340,440,260
> 340

5TOP

-Enter degree, point of
evaluation

~ARS (X)) must be ¢ one

=Display answer

=Pragram options
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