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I IPROGRAM DESCRIPTION I 
)~==~~~~~~~~~~==~ 
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FAST FOURIER TRANSFORM 

Given a cOQplex vector a=( ao •. .. ,an_1), this program computes the Fourier 

transform coefficients 

8 = 1E a e - 2n ');kA 
m Ok k 

The i nverse coeff i ci ents are 

2rr ,,*;::-r 
(l.k e n o <k <n- I 

Algorith~ : Input n, (m= 1092(n)), data points a(*), b(*) or input z(t) 

~or ;=0 to n- 1 step 1 

I nput a (i) = a( i ) +;::-r b(i) or eva l uate z(i) 

'I of- • "ex .. , 

Oef bit reversing function r(k) 

Se t f l aq f=l for i nverse , f=-l for direct 

For k=m-I to 0 step - I 

For p=O to 

s=r( P/2k) 

k+1 n- 1 ster-2 

<1=cos(2rr s/n) + A sin(2rrs/n)f 

For j=O to 2k_1 s t ep 1 

<2=<1 a (j+pt2
k

) 

a (j+p) = a (j+p) + <0 
" 

a (j+p+2k) = a (j+p) - 2<2 

Next j 

Next p 

Next k 
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IPROGRAM DESCRIPTION I 

FAST FOURIER TRANS FORM (conti nued) 

For ;=0 to n- l step 1 

If r(i»i, s>Jap a (i), a (r(i)) 

Next; 

For ;=0 to n-l step 1 

Iff= - Id i sp S(i)=a (;)/ n 

If f=I di sp S(;)=a (i) 

Next ; 
Stop 

) 

) 

) 



3 

j ISAMPLE PROBLEM I 

A) Compute the Fourier transform (direct) of the 
following data pairs a(O) = (1,2 ) 

a (l) = (4,1) 
a(2) = (- 2 ,0) 

a(3) = (3 ,-1 ) 

I SOLUTION I 

STEP INSTRUCTIONS DISPLAY INPUT 
IA 

1 Run program *** FOURIER TRANSFORM *** 

2 Enter number of data points: Number of data point s? 4 rRTNl 

) 3 Select data as input: Function or Data points?F o [RTN] 

4 Enter data: Real part of a(O)? 1 [RTN] 

Imag part of a(O)? 2 [RTN] 

Real part of a (I)? 4 [RTN] 

Imaq part of a rl)? 1 rRTNl 

Real part of a(2)? -2 rRTNl 

Imag part of a(2)? 0 [RTN ] 

Real part of a(3)? 3 [RTN] 

Imag part of a(3)? -I [RTN] 

5 Continue: Recheck da ta or Continue?R C [RTN] 

6 Select direct transform: Di rect/lnverse transform?D [RTN] 

Computi n9 ... 

7 View each Doint bv oressinq Rea l oar t of B(0l-I.5 iRTNl 

) [RTN]. Pres si ng [BACK] will Imag part of B(0)= . 5 [RTN] 

gato the previous point. Real part of B(l )=1. 25 rRTN] 
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I SOLUTION I 
) 

STEP INSTRUCTIONS OISPLAY INPUT 

Imaq part of S(1)=.249999999998 rRTNl 

Real part of S(2)=-2 [RTN) 

Ima9 part of S(2)= . 5 [RTN) 

Rea l part of S(3)= . 25000000003 [RTN) 

Imag part of S(3)=.730000000003 [RTN) 

8 End program. Run again, View again, or End?R E [RTN) 

) 

) 
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STEP 

"I 

2 

3 

4 

) 

5 

6 

) 

) 

B) Find the in verse Fourier transform of the data 

pairs a (i) = i +.'-1 i i = 0, ... ,3 

I SOLUTION I 

INSTRUCTIONS DISPLAY 

Run program *** FOURIER TRANSFORM *** 

Enter number of data pOints : Number of data pOints? 

Select data as input : Function or Data points?F 

Enter data: Real part of a(O )? 

Imag part of a (O)? 

Real part of a (l)? 

Imag part of a (l)? 

Real part of a (2)? 

Imag part of a (2)? 

Real part of a (3)? 

Imag part of a (3)? 

Continue: Recheck data or Continue?R 

Select inverse transform: Direct/Inverse transform?O 

Computing .. . 

View each point by pressi ng Rea 1 part of S(0)=6 

[RTN]. Pressing [BACK] will lmag part of S(O)=6 

gate the previous point. Real part of S(I)= .0000000001 

Imag part of S(I)= -3.999999999 

Real Dart of IlW=-2 

Imag part of S(2)= -2 

INPUT 

4 [RTN] 

D [RTN] 

0 [RTN] 

0 [RTN] 

1 [RTN] 

I [RTN] 

2 [RTN] 

2 [RTN] 

3 [RTN] 

3 [RTN] 

C [RTN] 

I [RTN] 

[RTN] 

[RTN] 

[RTN] 

[RTN] 

[RTN] 

[RTN] 

s 
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I SOLUTION I 
) 

STEP INSTRUCTIONS DISPLAY INPUT 

Real Dart of S(3) --4.0000000001 I r RTN] 

Imaq Dart of S!31=- .OOOOOOOOOOl I rRTN] 

8 End proqram. Run again, View again. or End?R E [RTN] 

) 

) 
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STEP 

I 

I 

) 2 

3 

6 

7 

) 8 

ISAMPLE PROBLEM I 

C) Estimate inverse Fourier transform of 

z(t)=t+r-It 
with four data points. In this case 

Rea l part z(t) = x(t) = t, 
Imag part z(t) = y(t) = t . 

I SOLUTION I 

INSTRUCTIONS DISPLAY 

Enter x(t) in 510 510 DEF FNX(T)=T 

Enter y(t) in 520 520 DEF FNY(T)=T 

Run program *** FOURIER TRANSFORM *** 

Enter number of data po i nts: Number of data points? 

Select function as input: Function or Qata Doints?F 

Evaluating function .. . 

Select inverse transform : Direct/Inverse transform?O 

Computing . .. 

View each point by pressing Real part of S(0)=6 

[RTN] . Pressing [BACK] will Imag part of S(0)=6 

gate the previous point . Real part of S(I)= .0000000001 

Imag part of S(I)=-3.999999999 

Real part of S(2)=-2 

Imag part of B(2)=-2 

Real part of S(3)=-4.0000000001 

Imag part of S(3)=-.00000000001 

End program. Run again, View again, or End?R 

7 

INPUT 

4 r RTNl 

F rRTNl 

I [RTN] 

[RTN] 

[RTN] 

[RTN] 

[RTN] 

[RTN] 

[RTN] 

[ RTN ] 

[RTN] 

E [RTN] 
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IUSER INSTRUCTIONS I 
) 

STEP INSTRUCTIONS OISPLAY INPUT 

1 Run program *** FOURIER TRANSFORM *** 

2 Enter number of data po i nts: Number of data pOints? n [RTN] 

(Must be a power of 2) 

3 Se l ect function or da t a Function or Data pOints?F F[~rN~ RTN • 

4 If data, enter the rea 1 and 

imaginary part of each point: Real part of a (i )? "M~l) 

Imag part of a (i)? 
I ma.\~) 
[RTN] 

If function, enter the x(t) i n 510 OEF FNX(T)= 

l i ne 510 and y(t) in 520 520 DEF FNY(T)= 

before start i ng program. 

Gato step 6. 
) 

5 Check da ta: Recheck data or Continue?R 
R or C 

rRTNl 

a When check i ng the data (R) 

press [RTN] to proceed to 

each pOint: If an e rror is 

found, press [BACK] and 

re-enter: Imag part of a(i) = [BACK] 

New rea l part of a (i)? RMW 
Then conti nue through the data 

b Enter C to cont i nue to step 6. 

Di rect or Inverse transform?O D[~r I 6 Select direct or ; nverse RTN] - -

transform : 

7 ComRuta t i on beains : Comouti no ... 

8 View each po i nt by pressing Rea 1 part B( i) = [RTN] or 
) 

[RTN] . Press i nq rBACK] will Imaq part S( i) = rBACKl 
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IUSER INSTRUCTIONS I 

STEP INSTRUCTIONS DISPLAY INPUT 

9 Select program options: Run again, Vi ew again, or End?R R,V, ~l E 
'fRTN 

To run the program again, 

enter 'R' and gato step 2. 

To view the answers again, 

enter 'V' and gato step 8, 

To end the program enter 'E', 

) 

) 
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IV ARIABLE NAMESI 

NAME DESCRIPTION NAME DE SCRIPTION 

X2 
Imag part of prim. root of 

FNR (X) Bit reversing function unity to some power 

X Dummy variable for FNR(X) 
multipiied by F 

A TempOr~~{) storage 
for FNR X X, Y2 Temp storage for main calc. 

U Temp storage f or FNR(X) X3 Y3 Temp storage for swap 

FNA Answer function S 
Temp storage for bit 
revers ina functi n FNR 

B Temp storage for FNA K Simplifying power 

FNY(T) 
Real part of 
object function Q$ String for RVE module 

FNY (T) 
Imag part of String for Oirect/lnverse 
object function R$ module 

AlIl 
Real part of String for Data/Function 
ob.iect sequence S$ modu l e 
Imag part of 

T$ 
Stri ng for checki ng data -

B (I) obiect seouence module 
Flag for inverse/direct Number of subdivision 

F transform N I points 

Xl 
Real part of primitive roa 

M Log 2(n) of unity to some Dower 

INOTES AND REFERENCESI 

Notes: 1. The program will work with up to 1024 points if approx. 
20K bytes of RAM are availab l e . To alter the number of 
points that are avai l able, change t he dimension in line 80 . 
The number of point s used must be a power of 2. 

2. Execution time i ncreases significan t ly wi th t he number 
of data points. 

Reference: Stoer, J. and R. Bu l irsch, INTRODUCTION TO NUMERICAL ANALYSIS, 
(Spring-Verl ag, New York, IgaO) , Secti on 2.3.2. 

) 

) 

) 



IPROGRAM LISTING I 
) 

) 

10 FAST FOURIER TRANSFORM 
20 ! COMputes the di rect or 
30 ! inver se Fourier transforM 
40 ! of d ata points or functions 
50 using the Cooley-Tukey 
60 algor'ithM 
70 ! Revisi on 11/01 /1982 
80 DIM A(S12),BCS12) 
90 DISP '* * * FOURIER TRANSFORM * * *' @ OPTION ANGLE RADIANS 

100 INPUT 'NuMber of data po:i.nts?' i N @ 

M·IP ILOGIN)/LOGC2» 
110 IF FPILOGIN)/LOGI2»10 TH EN BEEP e 

DISP 'Incorrect nUMbfn' of points! I 

e GOTO 100 
120 ! Bit reversing flJnction 

130 
140 
i50 
ibO 
i70 
i 80 
i90 
200 
210 
~:2U 

230 
240 
:250 

2(:,0 
~?70 

;?BO 

290 

300 
3iO 
320 
330 

340 
350 

360 
37 II 
3BO 
;590 

DEF FNRIX) 
u-o 
FOR P=O TO M-i 
A=RMD( X,2 ) 
U=U+A*2"( M- i-P) 
X=IP(X/2) 
IF XC=i THEN 2iO 
NEXT P 
U=U+X*2" (M-2-P) 
FNR=U @ ENII DEF 
! Define answer function 
liEF FNA 
B=NUMIKEYI) e IF 8_i3 AND BIO THEN 

! lransfor'M data points or func? 
l)I SP CHR'.l,(190) i 'unction o r 'jCH r~$(i 
96) .. 
INPl.J'l 'ata points?' I'F' i 51; Ii! S$ = UP 
I~C$(S$[ 1. , 1]) 
ON PDS('FD' ,5$)+1 GOlD 280,500 1 320 
! Input data points 
FOR 1=0 TO N-i 
DlSP USI NG " 'Real part of ',.':I,'(',k 
" j CHR$(4) , 1 .1 
lNPUT ')1 'jA(I) 
DISP USING h ' IM ag part of ',a,'(',k 
" .. CI-IR$(4),Ii 
lNPUT ' )? ';lc(l) 
NEXT I 
! Check data point s 

) 411() 

D:tSP CHRt(2 10) j 'ec heck d~.lta, or 'iCH 
R!t·(j.9S) i 

INPUl 'o nt :inue'}' ,'r<' .. Tt @ n;=LJPRC$ 
(l'$[1,1:1) 

4UI 
4;:0 

ON PD1:)('I~C' ,l~n +i ceno 390,420,5!7H 
FUR I ~'II TU N- l. 

-N UMb er of data points MUs t be 
i1I p()Wl-~r of two 

- Reverse binary expa n sion of 
in t eger 

-·Wait for 'RTN' (Jr' 'BACK' kf_'Y':;; 

-Select data points or function 
iilS input 

-Data point entry 

-Op tion to check input data 

" 
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IPROGRAM LISTING I 
430 DISP USING "'Real p~rt of ',a,'C',k 

,')=',k" i CHRS(4),I,ACI) 
44() IF FNA=8 THEN DISP USINC "' New real 

pal't of ',d,'(',k"} CH :'~$(4),IJ. @ 
INPUT ')1 I jACI) 

4S0 DISP USINC H'IMag part of ',aJ'(',k 
,/)=',k" j CHR$(4),I,B(I) 

460 IF FNA=8 THEN DISP USINC "'New iMag 
par' t of ',<3,'(',k" ; CHH$(4),I, Ii? 

INPUT ')? ';D(l) 
4'711 NEXT I 
480 GOTD 390 
490 ! Function to b8 transforMed 
:)00 DISP 'Evaluating f unction ... ' 
510 DEF FNXCTI = 1 
5211 DEF FNYCTI - T 
530 FOR r-o TO N-l 
540 ACII-FNXCII @ BCII-FNYCl) 
SSO NEXT I 
560 ! Direct/invl:or!;e ti'ansfo i'M 

570 froM keyboa r d 
SHO I Set fl~lq for' invel'se 
~)90 r=i 
600 DISP CHR$(196)j'irect/'jCHR$(20i)j 
6iO INPUT 'nverse transf'orM?','D'j RS @ 

R$=UPRCS(R$[l,l]) 
620 DISP 'CoMputing ... ' 
630 ON POSC'Dl',R$) + i GO TO 600,650,670 
640 ! Set flag ~or direct 
650 F=·-l 
660 ! Main loops 
t,70 FOR 1(=M- i TO () STEP -j. 

680 K 1::~2"'1( 
690 FOR L=O TO N-1 STEP 2"'CK+i) 
711 0 S=FNR C L/IC II 
710 ' With ~--I,coMpo'ing direct 
720 ! FO(Jr:i.er' ti'ansf(H'M 
730 X1=COSe2*PI*S/N) 8 Y1=SIN(2*PI*S/N) 

*1" 
740 FOR J=O TO Ki-i 
750 X2=A(J+L+K1)*Xi-BeJ+L+Kil*Y1 
760 Y2=AeJ+L+K1)*Yj.+D(J+L+K1)*Xi 
770 A(J+L.)=AC J +L)+X2 ill BCJ+L)=B(J+L)+Y2 
780 AeJ+L+Kl)=AeJ+L)-X2-X2 
790 BeJ1·L+Kl)=BCJ·tLI-Y2-Y2 
BOO NEXT J 
8iO NEXT l... 
0;.::0 NEXT K 
(330 ! \.Jnscr'ar-,ble T'eMa:i,nd(·?T's 
8~O FOR 1-0 TO N-l 
850 IF FNRCI)C-r THEN 890 
[;60 X3=ACI) @ Y3=B(1) 
870 ACI)=ACFNRCI» @ BCI)=BCFNR(I» 

-,User defined fu nctions 

-Selec t direct ()r inve rse 
i T'ansfof'M 

) 

) 

) 



I 
) 

1180 
890 
?OO 
910 
920 
930 
940 
950 
960 
970 
980 
S'9 0 

1000 
1010 

11120 

1030 
1040 
11150 

t Of.,O 

Y 070 

1080 

) 

IPROGRAM LISTING I 
AIF NRII»·X3 ffi BIFNRII»=Y3 
NCXT I 
! Tes t for inverse trarls f orM 
! which is the case f= 1 
IF F=1 THEN 98 0 
! Co~pute direct transforM 
FOR 1=0 TO N- l 
A(I)=AII)/N e B(I)=B(I)/N 
NEXT I 
! View the transforM 
FUR 1=11 TO N- l 
DISP USING ukf:?al p.;);'" of ',a,'(/,k 
,' ) ~/,k ' l ~ CHRS(S),I,ACI) 
IF fNA=8 THEN I=MAXlI-l,O) 
DISP USING "'IM ag part of ',a,'(',k 
,'l=',k" i CHR$(S),I,BCI) 
I F fNA=8 THEN I=MAXlI-l,O) @ GO TO 9 
90 
NEXT I 
! Run,uiew, or e nd 
DI S P CHR$(210);'un aga:in,';CI-IR$(214 
) ;'iew again,or'jCHR$(i97)j 
I NPU T 'nd,?' ,'R'.i r~$ @ Q$"';Upr~C$(Q$ r.i 
, 1] ) 

ON POSC'RVE',Q$)+l GOT D 1 050,100,98 
0,1080 
STOP 

-Progr aM options 

13 
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IPROGRAM DESCRIPTION I 

FAST FOUR IER SERIES/TRIGONOMETRIC INTERPOLATION 

This program finds a trigonometric interpo l ation of the Fourier seri es. 

Given a function z(t) = x(t)+iCTy(t) which is peroidie on [0.2. ] and 

whose modulus squared is integrable, the Fourier expansion ;s 

z(t) = L z(m)e mtiCT 
m 

m=O, ±1, ±2, .. . 

The Fourier expansion i s approx imated by trigonometric po lynomia l s of the 

form 

p(t) = Lilm EXP(mtiCT) m=O.I ••••• n-1 
m 

To obtain a two- sided polynomial, B ;s extended with period n :( i. e .• B + = 
r:1 m n 

8m, Nhere n i s the number of points or tenns in the approximati on). 

) 

An important specia l case i s z(t). a rea l va lued function (y(t)=O for all t ) . ) 

The coefficients z(m)+z( - m) . i ( z(m ) -z ( -m)) are real i n that case. so putt ing 

B m 
= - 2 Im( 6m) m=I ••••• n/2- 1 

Ao = 2 6
0 

A = 26/ n/ 2 n 2 

yields a sin, cos - polynomia l with real coefficients: 

A( t ) = Ao + L(A COS(mt) + 6 SItI(mt )) + A / COS(~t) m=I .2 •..• '-2n - I mm m n2 c. 
2 -r-

Note that n must be a power of two. 

) 

• 



I IPROGRAM DESCRIPTION I )~==~~~~~~~~~~~==~ 

) 

) 

FAST FOURIER SERIES/TRIGONDr1ETRIC INTERPOLATION (continued) 

Algorithm : Input n, m=log2(n), data points a(*),b(*) or input z(t) 

For ;=0 to n-l step 1 

Input a (i) = a(i) + ;:r b(i) or evaluate z (2'~) 
Next ; 

Define bit reversi ng function r(k) 

For k = m- I to 0 step -I 

For p = 0 to n-I step 2k+1 

s = r(p/2k) 

", = COS (2.s/n) + ;:r SIN(2.s/n) 

For j=O to 2k_l step 1 

"2 = ", a (j+p+2') 

a( j+p) = a (j+p) + '2 

a (j+p+2') = a (j+p) -2"2 

Next j 

Next p 

Next k 

For ;=0 to n-l step 1 

Swap a(i), a(r( il) if r(i»i 

Next ; 

For i = a to n-l step 1 

Oisp S(i)=a (i)/n 

Next i 

Stop 

15 
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STEP 

Al 

2 

3 

4 

5 

6 

7 

ISAMPLE PROBLEMI 

A) Estimate the Fourier series of the data points 

a(O)=(O,O), a (I)=(I,I), a(2)=(2 ,2), a (3)=(3,3). 

I SOLUTION I 

INSTRUCTIONS DISPLAY 

Run program *** FAST FOURIER SERIES *** 

Enter number of data poi nts: Number of data pOints? 

Select data as input: Function or Data points?F 

Enter data: Rea l part of orO)? 

Imag part of orO)? 

Real part of DO)? 

Imag part of oO)? 

Real part of 0(2)? 

Imag part of 0(2)? 

Real part of 0(3)? 

Imag part of 0(3)? 

Cont i nue: Recheck data or Continue?R 

Computing ... 

Select complex series: Se l ect series: Real or Complex?R 

View each point by pressing Real part of ~ (O )= 1.5 

[RTN). Pressing [BACK) will Imag part of ~ (0) = 1.5 

gate the previous point . Real part of ~ (I)=-.9999999999B 

Imag part of ~ O)= 2.5E-1 2 

Rea 1 part of ~ (2)= - .5 

) 

INPUT 

4 [RTN) 

0 [RTN) 

0 [RTN) 

o [RTN) 

I [RTN) 
) 

1 [RTN) 

2 [RTN) 

2 [RTN) 

3 [RTN) 

3 [RTN) 

C [RTN) 

• 
C [RTN) 

[RTN) • 

[RTN) 

[RTN ) 

[RTN ) ) 
[RTN ) 
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STEP INSTRUCTIONS DISPLAY INPUT 

Imag part of 6(2)=- . 5 [RTN] 

Real part of 6(3)=-2.5E-12 rRTNl 

lmag part of B(3)= -1 [RTN] 

8 End program Run again , View again, or End?R E [RTN] 

) 

) 



,. 

STEP 

B1 

2 

3 

4 

5 

6 

7 

ISAMPLE PROBLEMI 

B) Compute the polynomial approximation to EXP(t~) = 

COS(t+~)*SIN(t)=x(t)+~ y(t) 

I SOLUTION I 

INSTRUCTIONS OISPLAY 

Enter x(t) on 1 ; ne 530 530 FNX=COS(T) 

Enter y(t) on 1 i ne 560 560 FNY=SIN(T) 

Run program *** FAST FO URIER SERIES *** 

Enter number of data points: Number of data points? 

Select funct i on as input: Function or Data points?F 

Evaluating function ... 

Computing .. . 

Select complex series: Select series: Real or Complex?R 

View each pOint by pressing Real part of S(O)= 0 

[RTN]. Pressing [BACK] will Imag part of S(0)=-1.04E-13 

gato the previous point. Real part of s(1) = 1 

Imag part of S(1)=1.04E-13 

End program. Run again, View again, or End?R 

) 

INPUT 

2 [RTN] 

F [RTN] ) 

C [RTN] 

[RTN] 

[RTN] 

[RTN] 

[RTN] 

E [RTN] 

• 

) 



) 1::::1 ===~IS-:!..!.A~M~P~L~E~P2R~O~B~L~E~MIJ::I =====:J 

STEP 

C 1 

2 

) 3 

4 

5 

6 

7 

C) Estimate Jo(17 .5),J , (17.5),J 2(17 .5) ,J3(17.5) 

using z(t) = COS(17.5 SIN(t) + ;:r SIN(17.5 SIN(t). 

Read off real part of B(0),B(I),B(2),B(3) . 

I SOLUTION I 

INSTRUCTIONS DISPLAY 

Enter x(t) on li ne 530 530 FNX=COS(17.5*SIN(T)) 

Enter y(t) on l i ne 560 560 FNY=SIN(17.5*SIN(T)) 

Run program *** FAST FOURIER SERIES *** 

Enter number of data points: Number of data points? 

Select functio n as input : Function or Data points?F 

Evaluating function .. . 

Computing ... 

Select comp l ex series : Select series: Real or Compl ex?R 

View each poi nt by pressing Rea l part of S(0)= - .103II0398225 

[RTN] . Pressing [BACK] will Imag part of S(O)= 5.755625E-12 

gate the prev i ous point . Rea l part of S(I)= - .163419969425 

In th is case, i gnore the Imag part of S(I)=- 7.412512652E-

imag inary part of (i). Real part of S(2)=8.44338302963E 

Imag part of 8(2)= 8.411875E-12 

Rea 1 part of S(3)- .182719130625 

End program, ignoring rest 

of answer . 

INPUT 

64 [RTN] 

F [RTN] 

C [RTN] 

[RTN] 

[RTN] 

[RTN] 

2 [RTN] 

2 [RTNl 

fRTNl 

fRTNl 

fATTNl 

19 
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IUSER INSTRUCTIONS I 

STEP INSTRUCTIONS OISPLAY IN PUT 

I Run program *** FAST FOURIER SERIES *** 

2 Enter number of data points: Number of data points? n [RTN] 

(Nust be a power of 2) 

3 Select function or data Function or Data points?F F [~T~] 
as input: 

4 If data. enter the real and 

imaginary parts of each point: Real part of a(i)? 
Re ~W 

[RTN] 

Imaa Dart of a(il? IM~l) 

If function, enter the x(t) 530 FNX= 

in line 510 and y(t) in 560 560 FNY= 

before starting program. 
) 

Goto step 6. 

5 Check data: Recheck data or Continue?R R[~;~ 
a When checking the data (R), 

press [RTN] to proceed to 

each pOint . If an error is 

found, press [BACK] and 

re-enter: Imaq part of o( i) = [BACK] 

New real part of o(i)? Rri oW RTN 

Then continue through the data 

b Enter C to continue to step 6. 

6 Select real or complex series: Select series: Real or Complex?R \fr 
~l RTN 

7 Computation beqins: Computina ... 
) 

8 View each point by pressing 

[RTN]. Pressing [BACK] wil l 
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)FI ====~IU~S~E~R~IN~ST~R~U~C~T~I~O~N~S~I====~ 

STEP INSTRUCTIONS DISPLAY INPUT 

goto the previous point. 

If real: A (i ), [RTN] or 

B (i), [BACK] 

If compl ex : Real part S( ;), rRTNl or 

Imag part B( i ), [BACK] 

9 Select program options : Run again , View again, or End?R ~(vNlor E RTN 

To run the program again , 

enter 'R' and gato step 2. 

To vi ew t he answers agai n, 

) 
enter 'V' and gate step 8 . 

To end the program enter 'E' . 

) 
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I VARIABLE NAMESI 

NAME DESCRIPTION NAME DESCRIPTION 

FNR(X) Bit reversing f unction XI , Yl Real and i mag part of 
reciproca l of primitive 

X Dummy variable for FNR root of unity 

A Temporary storage for FI~R X2'Y 2 Temp ~;~~a~~ for~~~~i~nd im.o 0' r.lnd . inn 

U Temporary storage fo r FNR X3 Y3 Temp storage for swap 
Temp storage for 

FNA Answer function S va 1 ue of FNR 

B Dummy variab l e for FNA Kl Simplifies power 

MIl Real Dart of i nout III N Number of subdivisions 

BI j) Imao part of input (j) f1 Log2 (n) 

FNX 
Rea l part of 
ob iect fu nct ion Q$ Test str;n~ for RVE 

FNY 
Imag part of 
nhi~rt f unrt ion P$ 

Test str ing for rea l ! 
comDlex d.'. 

R$ 
Test stnng tor data 

T Dummy variab l e for FNX FNY points/function 

T$ 
Test string for 
recheckinQ data input 

INOTES AND REFERENCESI 

References: 1. Stoer, J . , and R. Bul irsch, INTRODUCTION TO NUI~ERICAL ANALYSIS, 
(Springer-Verlag, New York, 1980), 

2. Henrici, p" FAST FOURIER METHODS IN COMPUTATIONAL COMPLEX ANALYS IS, 
(SIAM Rev iew, V. 21, 1979, p. 481-527.) 

) 

) 



IPROGRAM LISTING I 
) 10 FAST FOURIEk SERIES/TRIGON­

OMETRIC INTERPOLATION 

) 

) 

;.~O 

30 
40 

! COMputes the finite Fourier 
series (trig interpolant) 
at points supplied by func­
tions or input data,using 
CooleY-'Tukey algorithM 

! Revision 11/01/1982 
DIM A(S12)/B(S12) 

~) 0 I 

60 ! 
70 
80 
90 

j () 0 DISP '* * * FAST FOURIER SERIES * * 
*' iiO INPUT 'NuMber of data points?'; N til' 
M-IPILOCIN)/LOCI2» 

120 IF FPILOGIN)/LOGI2»$() THEN BEEP e 
DISP 'Incof'rect nllMber of data po:i.n 
t5!' @ GO TO 110 

130 ! Bit reversing function 
140 DEF FNR IX) 
lS0 u=o 
lb() FOR p-o TO M-l 

17() A=I~HD(X)2) 

ISO U=l.I+A*2" (M-l-P) 
i cl 0 X=IP(X/2) 
200 IF XI-I THEN 220 
~:.~ i 0 NEXT P 
~~ ;.? 0 U=\.J+X*2 A (M-2-P) 
;'~30 FNR'-U @ END ])EF 
:.?40 ! D~d·inp. an£;wer' f'unction 
;250 DEF FNt~ 
;.:~60 "=NUMIIIEY$) e IF [·q··13 AND rH:8 THEN 

260 
27() FNA-B e END DEF 
280 ! Interpolate fune or data 

~?'90 

300 

310 
320 
:,130 
:340 

:~SO 
360 

3'70 
3UO 
390 
411 0 

410 

DISP CHR1~(198).>'unetioll or' 'jCHR$(1 
96)~ 

INPUl 'ata point~.?' ,'F'; R1". (f! R$::."UP 
RC$(R$[1 ,:t]) 
ON POS('FD' ,RS)~'1 G01'O 290,510,330 
! Input data point s 
FOR 1::::0 TO N···1 
DISP USING " 'Real part of ',B,'(',k 
.. .> CHR~>(4),Ij 

INPUT ')? ';AC!) 
DISP USING U'IMag part of ',B,'(',k 
.. } CHR~>(4),I~ 
INPUT ')? ';B(I) 
NEXT I 
I Chec:k data points 
DISP C~1RS(210)l'ech8ck dataJor 'iCH 
1::1;( 195) i 

INPUT 'ontl.nue?' ,'R'; "ft, t~ T~I; ::-"UPRC~~ 
(T',1;[1,U) 

-NUMber of points Mu st be a 
power of two. 

-Reverses binary expansion o'r 
int(0gers 

-I"Jait for 'r~TN' or 'BACI{' I<eys 

-Se lect function or data as 
j.nput 

- Check data points 

- Option to check data points 

23 
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IPROGRAM LISTING I 
420 ON POS('Re ' ,T$)+1 Goro 400,430,62 0 
430 FOR 1= 0 TO N- I 
440 DISf' USING " 'R(~ .. ~l p,:lrt ',iI,"C',i<}') 

~I ,k " i CHR$(4),I,A(I) 
450 IF FNA =8 lHEN DISP USING "'New real 

part of ',<I)'(',k " ; CHR$(4),I; @ 

INP UT ')? I jACl) 
460 DISP USING "'IMag part ',il,'(',k,') 

= ' , k" ; CHRS(4),I , B(I) 
4 7 0 IF FNA=B lHEN DISP USING "'N e w iM ag 

part of ',.:I,;(',k" ; CHR$(4),I ; E! 
INPUT '>? I ,B( 1) 

4E10 NEXT I 
4',0 GOrO 400 
500 ! Function interpolates 
'51 0 DISP 'Ev .. ~luating func tion. 
S20 DEf FNX(T) 
530 FNX=COS(17.5*SIN(T» 
540 END DEF 
5 50 OEF FN Y (1) 

56 0 FNY=SIN(17 .S*SIN(T» 
570 END DEF 
580 FOR 1= 0 TO N- I 
590 A( I).FNX(2*PIII/N) 
600 8(!)-FNY(2IPIII/N) 
610 NE XT I 
62 0 DISP 'CoMputing ... I 

630 ! Main loops 
640 FOR K=M-I TO 0 STEP - I 
650 Kl =2A K 
660 FOR L=O TO N-I ST EP 2"(K +I) 
670 S=FNR (L/K1) 
680 X1 =COS(Z*PI*S/N) @ Yl= - SIN(2*PI* S/N 

) 

690 fOR J -O TO KI - I 
700 X2=AeJ+L+Kl)*Xl-BeJ+L+Kl )*Yl 
710 Y2=AeJ+L+Kl)*Yl+BeJ+L+Kl)*Xl 
720 AeJ+L)=AeJ+L)+X2 e BeJ+L)=BCJ+L)+Y2 
7~O AeJ +L+Kl)=A(J +L) -X2-X2 
7 40 BeJ+L+Kl) =B( J+L) -Y 2-Y2 
7S0 NEXT J 
760 NEXT L 
no NEXT K 
'lao! Un scrcl t<lble r'E'MaindE)r'S 
7 9 0 FOR 1=0 TO N- I 
BOO IF fNR(J)(-1 lHEN [140 
BIO X3= A(I ) 8 Y3=8(1) 
82 0 A(I)=A(FNR( I » @ B(I)=B(FNA(I» 
830 A(F NR( I »-X3 ~ B(F NR( I» =Y3 
8 40 NEXT I 
850 ! Last cOMputation 
86 0 FOR 1=0 TO N-I 
870 A(l)=A(I)/N @ B(I)=BCI)/N 
fJ80 NEXT I 

-U ser defined functions 

- Prevent double s wap 

) 

) 



I 
) 890 

\' 0 0 

,'10 

920 
9:s () 
940 
9~;() 

960 

970 
980 
, ' 90 

1000 
1010 
t()20 
1030 
1040 

10SO 
t060 

) 1 070 
1080 
lO90 
1l. 0 () 

Ul.O 

U.:2 () 

11.30 

) 

IPROGRAM LISTINGI 
! Review t h e polynoMial 
DISP 'Select S~?i"ies, 'jCHR$(;.?':l.O) i'r:~ 
al or 'jCHRS(19S)i 
I NPUl 'OMpl(~x?/} ' r<' i P$ @. P~~::::\.JPRC~~( 
P:I;(l,i]) 
ON P(JS('RC' } P ~;)+l GClTQ 900,940,1030 
! Real case 

FCH< 1=0 TO N/2 
IF 1=0 TJilN VISP 'ACO)=' JACO) @. Z=F 
NA (~ COIn ttl 0 0 
DISP USING " 'AC',k,')::;;I/k" i I,A(!) 
' AIN-I) e IF FNA-S THEN I-MAXII-I,O 
) 

I F 1-0 THEN 950 
IF 1::;; N/2 THEN 1000 
DIS P USING II'B(',k,')::;;/k" i 1,-CSCl 
)·-BIN-I)) ffi IF FNA-8 TijEN 9S0 
NEXT I 
CO TO UOO 
! COMpl€)x casf.~ 
For, 1-0 TO N-l 
DISP USING Il'Real part ',o,'(',k l ') 
:::',k" i CHR$(S),l,ACI) 
IF ~NA~8 THEN I=MAX(I-i,O) 
DISf' USING " 'If'hlq par't ',o,'(',k}') 
::;:',k" j CI-II~$(5»I>B(l) 

IF FNA-8 THEN 1040 
NEXT I 
! Run/view, or end 
DISP Cl""I1H,(2iO) i 'un aCJain,' iCHR$(2i4 
);'iew ~\q~1in)or' ;CH1~$(1.97);. 

INPU "r 'nd?'J'R'; Q$ @ Q$=UPRC$(Q$[i 
> i ] ) 
ON F'DS('RVE'/Q$)+1. COTU i1{)O,UO/90 
0,11.30 
STOP 

-Select real or COMplex series 

-foil' O(F'ClM op t i OilS 

25 
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IPROGRAM DESCRIPTION I 

ATTENUATED FOURIER SERIES 

This program provides an approxi mat i on by a trigonometric polynomi al with 

a finite number of terms to t he Fourier expansion of a given function. 

A complex function z(t) =x(t)+l=Iy(t) which i s peri od i c on [0,2. ] with 

per i ud 211 and whose modu l us squared i s integrable, has a Four i er expansion 

z(t) = " z(m)e mtl=I m=O, ±1, ±2 ••. 
m 

The Four ier se ries ;s approxima t ed 

" Ilm e mtl=I 

by the trigonometric polynomi al 

p(t) = m 

in which 

m=O, . .. ,n-1 

( 211 k) - 2. "*I=I 0 k 1 z - en s: s:n­n 

where n is the number of po ints in the approximation. 

Rough ly, the a approximate the z(m) where: m 

z(m)= ~.J:~( t)EXP( -mtr-T)dt 

Now the coeffici e nts z(m) approach zero as m grO\'1s l arge . Since the only 

way to extend Bm ; s by being periodic in n, there ; s di fficu l ty in app rox­

iimation wh i ch i s reso l ved by interpolating the poi nts Z(2~k). A simple 

linear approximation leads to coeffi cients cm defined by: 

Co = Bo 

cm = (n/nm)2(SIN( nm/n))2 Sm m=1 •••• ,n-1 

The mu ltipli ers of t he Bm are called attenuation factors and the resu lting 

coeffi cients em now approach zero as m grows large . 

) 

) 

) 



I IPROGRAM DESCRIPTION I ) ~==~~~~~~~~~~~==~ 

) 

) 

ATTENUATED FOURIER SERIES (continued) 

Algorithm Input n, m=log, (n), arrays a(512), b(512), or z(t) 

For ;=0 to n-l step 1 

Input o(i)=a(i) + ;:r b(i) or evaluate z( ,·I-l/n) 

Next; 

Def bit reversing function r(k) 

For k=m-I to 0 step -I 

For p=O to n-l step 2k+l 

s = r(p/2k) 

~l = COS(2.s/n) + ;:r SIN(2rrs/n) 

For j=O to 2k_1 step 1 

' 2 = '1 "o(j+p+zk) 

o(j+p) = o(j+p) + ~, 

a(j+p+2k) = o(j+p) - 2'2 

Next j 

Next p 

Next k 

For ;=0 to n-l step 1 

Swap o( i), o(r(i)) if r(i»i 
Next ; 

0(0) = a(O)/n 
For i =1 to n-l 

o(i )=(n/ rri * sin(rri /n))2 o(i) 
Next ; 

For ;=0 to n- l step 1 

Oisp o(i) 
Next ; 

Stop 

27 
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STEP 

Al 

2 

3 

4 

5 

6 

ISAMPLE PROBLEM I 

A) Est imate the first eight coefficients in the Fourier 

series for X(t} = (TI_t} 2/ 4 

I SOLUTION I 

INSTRUCTIONS DISPLAY INPUT 

Enter x(t) 290 DEF FNX(t}=(PI-T}A2/4 

Enter y(t} 300 DEF FNY(t}=O 

Run program * ATTENUATED FOURIER SERIES * 

Enter number of data points: Number of data points? 16 [RTN] 

Evaluating function .. . 

Computing .. . 

Select real series: Attn. series : Rea 1 or Camp 1 ex?R [RTN) 

View each point by pressing A(0)=.828892557125 [RTN] 

[RTN]. Pressi ng [BACK] wi 11 A(I)=.999999999995 [RTNl 

gato the previous point. B (i)= [RTN] 

In this example the B(i) can A(2)= .24999999999 [RTN] 

be considered insignificant .. A(3)= . lllllllllll [RTN] 

A(4)=6.25000000009E - 2 [RTN] 

A(5)=4.00000000009E - 2 [RTNl 

A(6)=2.77777777768E -2 [RTN] 

A(7)=2.04081632641E-2 [RTN] 

A(8}=1 . 56250000004E-2 [RTN] 

End program. Run again, Vi ew again, or End?R E [RTN] 

) 

• 

) 

) 



) ~I ======~IS~A~M~P~L~E~P~R~O~B~L~E~M~I~====~ 

STEP 

Bl 

2 

3 
) 

4 

5 

6 

) 

B) Estimate the first eight coefficients of the Fourier 

expans ion of t(t-n)(t-2n)/12 on [O,2nJ 

(Note the exact series ;s L~3 sin(kt ) k=1 . 2 • ... ) 

I SOLUTION I 

INSTRUCTIONS DISPLAY INPUT 

Enter x(t) 290 OEF FNX(T)=T*(T-PI)*(T-2*PI)/12 

Enter y(t) 300 OEF FNY(T)=O 

Run program * ATTENUATED FOURIER SERIES * 

Enter number of data points: Number of data points? 16 rRTNl 

Evaluati ng function ... 

Computi nG ... 

Se lect real series: Attn series: Real of Complex?R [RTNJ 

View each point by pressing A (i )= [RTNJ 

[RTNJ. Pressing [BACKJ will B(I)=.987115800974 [RTN] 

gato the previous point. In B(2)=.118507431121 [RTNJ 

this example the A(i) can be B{3)=3.26508727055E-2 [RTN] 

considered insignificant. B(4)=1 . 22718463038E-2 [ RTN] 

B(5)=5 .24786275016E -3 rRTNl 

B(6)=2.259184521 19E-3 [RTNJ 

B(7)=7.97068408518E-4 [RTNJ 

End program. Run aga in, View again, or End?R E [RTNJ 

29 
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IUSER INSTRUCTIONS I 
) 

STEP INSTRUCTIONS DISPLAY IN PUT 

I Enter the function x(t} in 290 290 OEF FNX(T}~ 

Enter the function y(t} in 300 300 OEF FNY (T)~ 

2 Run program * ATTENUATED FOURIER SERIES * 

# Enter number of data points: Number of data points? n [RTN] 

(Must be a power of 2) 

EvaluatinQ function ... 

Comput ing ... 

4 Select attenuated series Attn. series Real or Complex?R 
R or,C 
rRTN] 

real or complex: 

5 View each ooint by pressino 

[RTN] . Pressing [BACK] will ) 

goto the previous poi nt. 

If real : A (i ) ~ [RTN] or 

B (i ) ~ [BACK] 

If complex: Real part c (i ) ~ [RTN] or 

Imag part c (i )~ [BACK] 

program options : Run again, View again, R1V'Nl" E 
6 Select or End?R RTN 

To run the program again, 

enter 'R' and gato step 3. 

To view the answers again, 

enter ' V' and gato step 4. 

To end the program enter 'E ' . 

) 



)~I ======~IV~A~R~I~A~B~L~E~N~A~M~E~S~I======~ 

) 

/ 

NAME DESCRIPTION NAME DESCRIPTION 

vectors to 
A 

subdivision 

Simplifying index 

X Primitive root of unity 

INOTES AND REFERENCESI 
Note: The attenuation factors correspond to linear interpolation. Another 

popular choice ;s found by interpolation with cubic splines. In this 
case the factors for lines 670 and 760 are: 

Qi = (n/TIiSIN( TI i/n))4 * 3/(2+COS(2TIi/n)), i#O 

For line 730 the change is: (2/TI*SIN(TI/2))A4*3/(2+COS( TI/2)) 

References: 1. Henrici, P., FAST FOURIER ME THO OS IN COMPUTATIONAL COMPLEX 
ANALYSIS, (SIAM Review, V. 21, 1979, p. 481-527). 

2. Eagle, A., ON THE RELATION OF THE FOURIER CONSTANTS ... , (Phil. 
Mag. S. 7, Vol. 5, 1928, p. 113-132). 
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IPROGRAM LISTING I 
10 ATTENUATED fOURIER SERIES 
20 ! COMputes the Fourier series 
30 ! ()f a c OMplex-valued function 
40 periodic on [ O,2piJ,using 
SO Cooley-Tukey and linear 
60 interpolation 
70 ! Revision 11/01/1982 
80 DIM ACS12)/B(S12) 
90 DISP '* ATrENl/A TED FOU~IER SERIES 

*' 100 INPUl 'NuMber of d.~ti:l points?' j N E! 
M=IPCLOCCN)/LOG(2» 

110 IF FPCLOCCN)/LOGI2»10 THEN BEEP e 
DISP 'Incorrect nUMber of data poin 
ts! I e GOlD 100 

120 ! Bit reversing function 

130 DEF :'NRIX) 
140 U=O 
150 FOR P~O TO M-i 
1.60 A=RMD(X)2) 
170 U=LJ+A*2 ft CM-l-P) 
1110 X=IPIX/2) 
1.90 IF X(:::l THEN 210 
",()O NEXT P 
210 U=U+X*2 A CM-2-P) 
220 FNR=U @ END DEF 
230 ! Define answer function 
;;~40 Dr.~~F FNA 
250 B=NUMCKEYS) @ IF BI13 AND BIS THEN 

2Sn 
2&0 FNA=B e END DEF 
270 ! Peri()dic function 
;:-::ao DISP 'EVi:lluclting function" 
;,?90 nr:: F FNX('J) :'" '*(T'-f'I)*<T-2*PI)/12 
300 DEF' FNYCT) = 0 
310 FOR 1-0 TO N-l 
320 AC I )=FN XC2*PI*I/N) 
330 BCI)=FNY(2*PI*I/N) 
340 NEXT I 
350 DISP 'CoMputing,.,' 
360 ! Main loops 
370 FOR K=M-i TO 0 STEP -1 
38n Kl=:2"1< 
390 FOR L=O T[I N-i STEP 2 A (K+l) 
400 S""FNI~(l./Ki) 

410 Xl=CDSC2 *PI*S/N) @ Y1=-SIN(2*PI*S/N 
) 

420 FOR JoU TO Kl-l 
430 X2=A(J+L~Ki)*Xl-BCJi'L+Ki)*Yl 
440 Y2=AeJ+1.+Kl)*Yl+BeJ+L+K1)*Xj. 
450 ACJ+L)=ACJiL)+X2 @ BeJ+L)=BeJ+L)+Y2 
460 AeJ+L+K1)=AeJ+L)-X2-X2 
470 DeJ+L+Kl)=BeJ+ l ,)-Y2 - Y2 

-The nUMber of points Mllst be a 
p ower of ;~ 

-'Function to reverS8 the binary 
€~XPi:H1Si()n of X 

-- Wait for' Ir~TN' or 'l\(.\CIC l<~~y 

- User defined functions 

) 

" 

) 

) 



I 
) 

) 

) 

IPROGRAM LISTING I 
480 
490 
~; 0 0 
:)j. I) 
S~=O 
S30 
~;4 0 
SSO 
S60 
S'70 
S80 
S90 
600 
1,i 0 
6;.:.!O 

630 

640 
6S0 

660 
6'70 
6BO 

690 
700 
710 

7;.:,~ 0 
7;,0 

740 
7S0 
'lbO 

770 

7CO 

NEXT J 
NEXT L 
NEXT K 
! UnscraMble reMainders 
FOH I~'O TO N--i 
IF fNRIIII-I THEN 570 
X3-AIII • Y3=BIII 
AIII=AIFNRIIII @ BIII-BIFNRI!I) 
ACFNRCI»=X3 @ BCFNR(I»=Y3 
NEXT I 
For~ 1=0 HI N-i 
AIII-AIII/N'I BIII-BIII/N 
NEXT I 
! Attenuate and view 
DlbP 'Attn. ~;eries 'j.CHR~;(2U);'eal 

CH' ',;CHI~!I;(i9S) j 

INPlJl '()Mplex'?/,/r~' j P$ @ P$c~;UPRC$( 
P1;(1o,1}) 

ON POSI'Re' ,PI)Oi GOTD 620,650,740 
Dlnp 'ACO)::' jA(O) e IF FNA:::L3 THEN 
660 ELf:)E 6':::;0 
r; OR 1::::1 TO N/2'-i 
Q=(N/(PI*Il*SINCPI*I/N»A2 
DHlf' US INC 690 _' 'A',I,(A<IH-ACN-' I> 
)*Q e IF FNA=8 THEN I=MAX(I-i,l) 
IMAGE d,'(',k,' )=' >k 
Q~(N/(PI*I)*SIN(PI*I/N»A2 
DISF' U!3INC 690 ). 'B/,I,"-(B(1)-I~(N'-I 
»*Q e IF FNA=8 THEN 670 
NEXT I 
DISP USING 690 i 'A',N/2 J 2*A(N/2)*( 
2/PI*SIN(PI/2»A2 @ II~ FNA=8 THE:N 6 
SO EL.!3E 850 
FOR 1"'0 HI N'-'j, 
IF 1"0 THEN Q""j, 
IF 1)0 T~i~N Q=CN/(PI*I)*SIN(PI*I/N) 
) A;;~ 
DISP USING u'Rr-!al piH't (:(',k,')c-::',k 
" ; I,A(I)*(~ 

IF FNA=8 lHEN I=MAX(I-i,O) @ GOTO 7 
SO 

790 IF 1=0 THEN Q~i 

800 IF 1>0 THEN Q=CN/(PI*I)*SIN(PI*I/N) 

ell.. II 

8:.:{) 

830 
(34{) 

Bsn 

ObI) 

DU)P t.J~:;rNG "'Il'li:lq p':H't c:(',k,')::,::',k 
II ; I, B ( I ) *q 
IF FNA=8 1.·IEN I=MAX(I-1,O) @ G[110 7 
90 
NEXT I 
! R\Jn)IJi(,~t-J) or' fmc! 

D 1:Jf' CHWI~ (210 ) > ' una g a:i. n > ' ; CHR $ ( ;;.~ t 4 
);'iew iilqain,nr' ;CHI~~>(t9'7» 
INPUI 'nel?' }'H'; Q$ (i~ (~1; :":UPRC$(Q$r.1 
) 1 ] ) 

-Select real or cOMplex series 

-PrograM options 

33 
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IPROGRAM LISTINGI 
870 ON POS ( ' RVE ',Q$ )+1 GOTO 8S0,iOO,620 

, 8BO 
SOil STOP 

) 

) 

) 



I [PROGRAM DESCRIPTION I ) ~==~~~~~~~~~~~==~ 

) 

) 

SPHERICAL HARMON ICS 

This program computes the va l ues of the spherical harmonics y~( e , $ ) 

on the three dimensional sphere of unit radi us and angles O~9 $n 

O~$~2TI . The functions Y~ satisfy the following relations : 

yO = 1/14rr 
o 

ym = [(_!)m/2ffim!J 1(2m+l)! /4rr (SIN 8 )mEXP(m~r-T) m 

y~+1 = I2m+J COS 8 y~ 

COS 8 ym =1 (n+m+lHn-m+l) 
n ~ (2n+l 2n+) 

y~+ 1 + 1--,.(!;On'7+Tm~) (,.;n,,=,,-mf-,) .­
~ (2n+l)(2n- l) 

Al gorithm: Input n, m. e . $ ; let fl=2 

For i = 1 to m 

Next i 

fl = (- If/ffrrTj 

w=fl SIN(8)m 

u = w COS(m~), v = w SIN(m~) 

If n=m then finish and display u, v 

u1 =/2m+3 COS( 8) u, vI =/2m+3 COS( 8) v 

If n = m+l then finish and display u1,v1 

35 
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IPROGRAM DESCRIPTION I 

SPHER ICAL HARMONICS (continued ) 

For i = 1 to n-m-l 

v = 2 

Update u,u1,v1 ,v 

NEXT i 

(m+i )2_m2 ] (2(m+i )+i)(2(m+i )+3) 

4(m+ i )2_1 (i+2m+l)( i +l ) 

(m+i)2_m21 (2(m+i)+1)(2(m+i)+3) 

4(m+;)2 _1 J (i+2m+l)(i +1) 

) 

\, 

" 

) 

) 



)c=====~IS~A~M~P~L~E~P~R~O~B~L~E~M~[====~ 

STEP 

1 

2 

3 

4 

) 
5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

A) Calculate Y~ 

B) Calculate yl 
3 

I SOLUTION I 

INSTRUCTIONS OISPLAY 

Run program *** SPHER I CAL HARt40N I CS *** 
Enter subscri pt Subscript of harmonic? 

Enter superscr i pt Superscript of harmonic? 

Conti nue Recheck sub/super or Continue?R 

Enter e First angular argument? 

Enter ~ Secon d angul ar argument? 

View resu lt Re(Y(O,2,I,2) ) = 

-3 . 917B0206022E-2 

1m (Y(O , 2,I,2)) = 

0 

Run again Run again, View again , or End?R 

En t er subscript Subscri pt of harmonic? 

Enter superscript Superscript of harmon i c? 

Sub /super reversed: Superscript out of range! 

Enter subsc ri pt Subscript of harmonic? 

Enter superscript Superscript of harmonic? 

Check entries Recheck sub/s uper or Continue?R 

Subscript = 3 

Superscr; pt = 1 

INPUT 

2 [RTN] 

0 [RTN] 

C [RTN] 

1 [RTN] 

2 [RTN] 

[RTN] 

[RTN] 

[RTN] 

1 [RTN] 

3 [RTN] 

3 [RTN] 

1 [RTN] 

[RTN] 

[RTN] 

[RTN] 

37 
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I SOLUTION I 
) 

STEP INSTRUCTIONS DISPLAY INPUT 

15 Continue C [RTN] 

16 Enter e First anaular araument? 2 [RTN] , 

17 Enter $ Second angular argument? 2 [RTN] 

18 Vi ew resul t Re(Y(I,3,2,2)) = 

-1 .64004353583E-2 [RTN] 

1m (Y(l ,3, 2,2)) = 

3. 5835605032E-2 [RTN] 

19 End proqram Run again, View again, or End?R E [RTN] 

) 

) 
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IUSER INSTRUCTIONS I 
) 

STEP INSTRUCTIONS DISPLAY INPUT 

1 Run program *** SPHERICAL HARMONICS *** 
2 Enter subscript. n Subscript of harmonic? n [RTN] 

a non-negative integer 

3 Enter superscript, m, Superscript of harmonic? m [RTN] 

a non-negative inteqer, 

$n; for negative m, 

-nsm~O see comments. 

4 Check sub/super or continue Recheck sub/super or Continue?R \frNj RTN 

To check entries enter I R': Subscript = n fRTNl/f BACK' 

) 
Press [BACK] to change entry: New subscript = n [RTN] 

New superscript = m [RTN] 

5 Enter e. O~e S; TT First angular argument? e [RTN] 

6 Enter <P ,O:s::q,<2n Second angular argument? $ [RTN] 

7 View result: Re(Y(m,n, e t )) = 

number [RTN] 

1m (Y{m,n, e, t )) = 

number [RTN] 

8 Select program options Run again, View again, or End?R K, U ~J t RTN 

To run aqa;n enter 'R' and 

goto step 2. 

To rev; ew the result, enter 'V 

and gato step 7. 

To end the program, enter 'E' . 
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I VARIABLE NAMES I 

NAME DESCRIPTION NAME DESCRIPTION 

FNA Answer function W Factor 

A Dummy variab l e for FNA Fl Coefficient f or Y 
Real /I maginary parts of 

N Sub scri pt U,V final values 

M Superscript Ul'V 1 Real/Imaginary part s 

T The argument e in recurrence , ym 1 
m+ 

F The argument <P U2,V2 Rea l / Imaginary parts 

T$ Stri ng for sub/super check in R recurrence, Y~ 

Q$ String for RVE modu l e 

INOTES AND REFERENCESI 

References: I. Sommerfeld , A. , PART IAL DIFFERENTIAL EQUATIONS IN PHYSICS , 
(Academic Press , New York, 1949 ) . 

Note: 

2. Cohen-Tannondji, C., B. Diu, and F. Laloe, QUANTUM MECHANICS, 
(Vol. I, John Wiley & Sons, New York , 1977) . 

-m To compute Yn for m>O use the relation : 

Complex conjugate (y~( e ,~)) = (_I)my~m( e ,~) 

) 

,. 

) 

) 



IPROGRAM LISTING I 
) 

') 

10 SPHERICAL ~iARMONICS 
2 0 C()Mpute the values of the 
3 0 ! spherical hal'Moni cs by 
40 re("~ursion 

SO Rev i s ion 11/01/1982 
60 DISP '* • * SP HERICAL HARMONICS. * .' @ OP TION ANGLE RADIANS 
7 0 ! Wait for return/back key s 
eo DEF FNA 
9 0 A-NUMIKEY$) e IF At13 AND A~8 TH EN 

9 0 
100 fN AaA @ END · DEF 
110 INP UT 'SI)bscr i pt of harMonic?'iN 
12 0 IF FP(N)~O OR N{O THEN BEEP @ DISP 

130 
140 

1S0 

16 0 

1..70 
tllO 

1..90 

2 nD 
2iO 

2:?tl 

;~~ 3 () 

2 40 
250 

260 
:::!70 

200 
~~ (f 0 

'I rlualid s ub scri pt!' @ GOTD i 1 0 
I NPUT 'S up erscri pt of harMoni c?' i M 
IF fP(M) *O THlN BE~P e DISP 'lnvali 
d s up e r scr ipt! ' @ GO l D 130 
IF M)N THE N BElP e DISP 'Su per-scrip 
t out of range!' @ GOTO 11 0 
IF M( 0 THEN BE E.P e DI SP 'En ter .':)bs( 
M) and s ee COMMents!' ffi GOTO 13 0 
! Correct Gub -sIJ persc ript? 
DISP CHR$( 210) i 'ectH;~c: k sub/super or' 

I .iC HI~ 1;(1 9S).i 

I NPUl 'o ntinue ?' ,'R' j T$ @ T$ ::: UPRC$ 
(T$[I,U ) 

ON paS(/Re" , 1 $)+ 1 GOlD 180,2 1 0,240 
DISP 'Subscript='jN ~ I F FNA=8 TH EN 

DISP ' New 5u bscr ip' i @ INPUT' t =' j 

N @ COlO 220 
DISP 1~) up€.)r scrip t ::: ';M E' IF F NA""B TI-1 
EN DI SP 'New su perscrip'j ffi INPl,JT I 

t ='; M ~ GOrO 230 
IF A8SCM»N lHEN BEEP P DISP 'Super 
scr ipt out of r· .. ~ngf..) ! I e GOrO iiO EL 
SE GOlD 180 
INPUT 'First a n gular argu Ment?';T 
IF 1 ( 0 OR 1 }Pt THE N BEE.P e DISP 'An 
gle out of ra nge!' @ GO rD 240 
INP Ul 'Sec o nd anquLH' argUMent?' iF 
IF FCO OR F>2*PI "HEN ~E~P @ DISP 
Anqlf..) out of f'iHI(,H.:' !' e GOT O 260 
! COMpute Y(n,M) 
IF M-O THEN W- 1 /12ISQRI PI» ~ GO lD 
:160 

300 Fl := 2 
31 () FOR 1=1 TO M 

Fl =2*I*Fl/(2*I+l) 3:=0 
330 

) ;140 
350 
360 
:.17 0 

NEXT I 
Fl= ( - l)ftM/SQR(Z*PI *Fl) 
W:::FltS l N(T )"N 
U=W*COSCM*F) @ V=W* S I NCM* F ) 
! COMpIJte harMonlc 5 b y 

-Enter subscript} superscript 

- Option to correc t entries 

- Ent er angu l ar argU Ment s 

41 
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IPROGRAM LISTING I 
380 ! recurS10n relation 

J90 ! Initalize 
400 IF N~M THEN S,~11 

410 Ul~SQR(2*M+3)*COS(1)*U ~ Vl=SQR(2*M 
+3)*COSCT)*V 

420 IF N-M-l THEN U-Ul I V=VI I COlO S2 
o 

430 ! M"lin loop f()r sptH;'f'ic,'.ll hiH'Monic:s 
400 EOR 1=1 TO N-M-l 
450 U2=COS (T) *Ui -u*SQr~ ( ( (M+ I) "2--M"2) / (4 

*(M+!) "2-"U ) 
46(1 U2=SQR«2*(M+I)+1)*C2*(M+I)+3)/(CI+ 

MiM+l)*(I+M-M+l»)*U2 
470 V2=COSCT)*Vi - V*SQR«(I+M)"2-M"2)/(4 

*(I+M)"'2-1.» 
480 V2=SQR«2*CI+M)+1)*(2*(I+M)+3)/(CI+ 

M+M+l)*(I+M-M+l»)*V2 
490 U=Ui @ U1=LJ2 @ V=Vl @ Vl=V2 
SOD NEXT I 
S10 U=U2 @ V=V;;'~ 

520 DISP 'ReCye';M;',' jNj','jTj' ,';F;') 
)::: I @ IF FNA::::i:~ THEN prEP U EL.SE S2 
o 

5311 IF FNA"'S THEN 520 
540 DISP 'IMeyC' ;M;',' ;N;',';T;' ,'iF;') 

)=' @ IF FNA=i3 THEN DISP V ELSE 54 
o 

SSD IF FNA::::8 THEN S20 
560 ! Run,view,or end 
0;:;'70 DlFiP CH1H>(21())~'un aqa:i.n,'iCHr~$(214 

)j 'iew again,or'iCHR$(197)j 
580 INPUT 'nd?' ,'R' j [~':I; @ f~~;~"Upr~C$«~tr.i 

, 1 J ) 
590 ON POSC'RVE'JQS)+1 GOTO 570,110,520 

,600 
600 STOP 

-Display re s ults 

-PrograM options 

) 

) 



I [PROGRAM DESCRIPTION I ) ~==~~~~~~~~~~==~ 

) 

) 

ELL IPTI C INTEGRALS 

The general form of the elliptic integral of the second type is given by : 

e12(x,k ' ,a,b) = a + bt 
v '(1+t 2)(1+k ,2t2) 

dt 

in which k' f O. Using the trigonometric substitution t=tan 9 the standard 

elli ptic in tegra l s are recovered. Wi th x=tan ~ and k= ~ (k ;s ca l led 
the mOdulus) the standard ell i ptic integrals are 

F($,k) f' de 
= 0 Vl -k2 5in2e 

= e12(tan $,k', l ,1) 

= f:~(1-k2 5in2e)d = e12(tan $,k' , I,k,2) 

The fu nctions F,E are call ed i ncomp l ete el liptic i ntegra l s whi l e 

F(k) = F(TI/2,k), E(k) = E(TI/2,k) 
are called complete elliptic i nteg rals. 

Al though t he general integral e12 contains the complete i ntegrals as special 

cases with upper limit X=1022($=n/2), a separate routine is used to compute 
F(k) and E(k). 

Al gorithm : If complete integra l gato a 

If general integral gato f3 

Input modulus k and angle ~ 

x=tan $,k ' =~, a=1 

B: 

If E($,k) then b=k ' 2; If F($,k) then b=l; go to Bl 
Input k I 1 X 1 a. b 

m=I, n=k, xo=I/lxl , c=O, d=lxl/(a+x2) 
P= ,, ((1+(k'x)2)/(I+x 2)) , i=O, t=I/2, 5=0, h=a-b 

43 
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IPROGRAM DESCRIPTION I 

ELLIPTIC INTEGRALS (continued) 

Y: ml=n+m,nl=Z /rlIm,al=(b/m+a)/Z 

b1=a n+b,x 1 = -mn/xo + Xo' Pl = mn/p + P 

cl=(d/p+Z)/Z,dl=m n c/p+d, 

s=s+t(l-SGN(xo) ) 

If ABS(I-n z/mz)<10-6 then ~i 

Update nZ,m
2

,n,m,a,b,x
o
,p,d,c,t,;, gato y 

~i' f=ATN(m/xo)+(Zi s+(l-SGN(xo))TI/Z 

e=a 1 f 1m + he; di sp e 

Stop 

0: Input k; let aZ=I,bZ=k ' "1=1, 9=k Z 

0 1: a3=(aZ+bZ)/Z, cZ=a 3-bZ 

~ . c· 

Z -13 If cZ<10 then ~c 

Z Update: f1=Zf1, 9=9+1 ,z,bZ=/az 5z,a Z=a3 goto 01 

i 1=1f/2a Z' disp;1 

i Z= (l-g/Z)i 1, disp i Z 
Stop 

) 

) 

) 



) 1~======~IS~A~M~P~L~E~P2R~O~B~L~E~M~I====~ 

STEP 

A 1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

) 
12 

13 

A) Compute F(k) =.f,TI/2 derh-k2 sin 2e, with 

k = 1/-J2 = .707106781188 and compute 

E(k) =./:TI/2 "1_k2 sin2e de and check 
o 

aga inst e12(10 23 , .707106781188,1,1) 

and e12(1023 , . 707106781188,1,.5 ) 

I SOLUTION I 

INSTRUCTIONS DISPLAY 

Run program *** ELLIPTIC INTEGRALS *** 

Select complete inteoral Complete/Incomplete integral?C 

Enter modu l us (l/SQR(2) ) Value of modulus?707106781188 

Resu lts F(.707106781188)=1.85407467721 

E(. 707106781188)=1 . 35064388098 

Run again Run again, View again , or End?R 

Select incomp l ete integral Complete/Incomplete integral?C 

Select general form Trig or Genera l form?T 

INPUT 

[RTN] 

[RTN] 

[RTN] 

[RTN] 

[RTN] 

I [RTN] 

G [RTN] 

Enter modulus (I/SQR(2)) Complementary modulus?707106781188 [RTN] 

Enter parameters Parameter a? 1 [RTN] 

Parameter b? 1 [RTN] 

Approximate infinite upper Upper 1 imit of inteQra 1? lE23 rRTN] 

limit 

Result eI2(I.E23 . 7071067811881 1)= fRTNl 

1.8540746773 [RTN] 

Run again Run again, View again, of End?R [RTN] 

Se lect incompl ete ; ntegra 1 Complete/Incomplete integral?C I [RTN] 

45 
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I SOLUTION I 

STEP INSTRUCTIONS DISPLAY INPUT 

14 Select general form Tri 9 or Genera l form?T G [RTN] 

15 Enter modulus (ljSQR(2)) Complementary modulus?707106781188 [RTN] 

16 Enter parameters Pa rameter a? I [RTN] 

Parameter b? .5 [RTN] 

17 Approximate infinite upper Upper limit of integral? IE23 [RTN] 

1 imit 

18 Result eI2(I .E23, . 707106781188 I .5)= [RTN] 

1.35064388105 rRTNl 

19 End prog ram . Run again, View again, or End?R E [RTN] 

) 
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B) Compute e12(10'2 , 10-" ,1,1) 

I SOLUTION I 

STEP INSTRUCTIONS DISPLAY INPUT 

Bl Run program *** ELLIPTIC INTEGRALS *** 

2 Select incomplete intearal ComD 1 etell ncomD 1 ete?C I f RTNl 

3 Select general form Tria or General form?T G fRTNl 

4 Enter complementarY modulus ComDlementarv modulus? lE- 11 fRTNl 

5 Enter oarameters Parameter a? 1 fRTNl 

) Pa rameter b? 1 fRTNl 

6 Enter upper limit of integral UDDer 1 imit of intearal? lEl2 fRTNl 

7 Result eI2(I.EI2 .00000000001 1 1 \ 0 fRTNl 

26.614896305 fRTNl 

8 Run aaa;n Run aaain View ana;n or End?R fRTNl 

9 Select incomplete integral Complete/Incomplete integral?C I [RTN] 

10 Select general form Trip or General form?T G [RTN] 

11 Enter complementary modulus Complementary modulus? lE -11 [RTN] 

12 Enter parameters Enter parameter a? 1 f RTNl 

Enter oarameter b? 1 f RTNI 

13 Enter upper limit UDDer 1 imit of intearal? lE9 fRTNl 

14 Result e12(1000000000 .000 00111\ - fRTNl 

21.4163880183 fRTN] 

) 15 End program Run again, View again, or End?R E [RTN] 



., 

STEP 

C1 

2 

3 

4 

5 

6 

7 

8 

9 

ISAMPLE PROBLEM I 
C) Compute the length of the ellipse x'/16+Y'/4 = 1 

The modulus k = the eccentricity = "a 2~b 2 

while k' = b/a,k" = b'/a'. Since a = 4 and 

b 2 ' '2 = ; we get k =.5 and k = .25. The 

length = 4ae(k) = 16 e12(1023 ,.5,I,.25) 

I SOLUTION I 

INSTRUCTIONS DISPLAY 

Run program *** ELLIPTIC INTEGRALS *** 

Select ; ncomplete integral Comple te/Incomplete integral?C 

Select genera 1 form Trig or General form?T 

Enter complementary modulus Complementary modulus? 

Enter parameters Parameter a? 

Parameter b? 

Approx; rna te infinite upper Upper 1 imit of integ ral? 

limit 

Result eI2(IE23,. 5,1,.25)= 

1.21105602757 

End program Run again, View again. or End?R 

Final answer is 16*resul t : 

19.3768964411 

) 

INPUT 

I [RTN] ) 

G [RTN] 

.5 [RTN] 

1 [RTN] 

. 25 [RTN] 

lE23 [RTN] 

[RTN] 

[RTN] 

E [RTN] 

E*16 [RTN] 

I 
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IUSER INSTRUCTIONS I 
) 

STEP INSTRUCTIONS DISPLAY INPUT 

1 Run program *** ELL IPTIC INTEGRALS *** 

2 Select complete or incomplete Complete/Incomplete integra l ?C ff or I RTN] 

integra 1 : 

For; ncampl ete in t egral, 

goto 6. 

3 Enter va 1 ue of modul us K: Va lue of modulus? K [RTN] 

4 View res ult s F(K), E(K): F(K)= [RTN] 

E(K)= [RTN] 

5 Goto step 16 . 

) 
6 Se l ect trig substitut i on Trig or General form?T If o~]" or RTN 

general form : 

For the genera 1 form goto 12 . 

7 Enter modu l us K: Va l ue of modulu s? K [RTN] 

8 Enter the angle $: Val ue of anqle? " rRTN] 

9 Select func tion: E funct i on or F fu nction?F [R~~/ 
10 View result: E(F2 K)= rRTNl 

11 Gato step 16. 

12 Ente r the complementary Complemen tary modulus? K' [RTN] 

modulus : 

13 Enter parameters : Enter parameter a? A [RTN] 

Enter parameter b? B rRTN] 

14 Enter the upper 1 ;mit of the Upper limit of integral? X [RTN ] 

integrand : 

15 View result: eI2(x,k' ,a,b )= [RTN] 
) 

E rRTNl 
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IUSER INSTRUCTIONS I 
) 

STEP INSTRUCTIONS DISPLAY INPUT 

16 Program options: Run again. View again, or End?R 
KJV, or t 

[RTN] 

To run the program again 

enterlR' , 

To view the result again 

enter'V I
, 

To end the program enter IE'. 

) 



)~====~IV~A~R~IA~B~L~E~N~A~M~E~S~I ====~ 

) 

) 

NAME DESCRIPTION NAME DESCRIPTION 

FNA Answer function SI Acc umu 1 a t or 

Zl Durrvny for FNA T Factor = 2 power 

K I~odulus I Exponent for 2 

K, Compl ementary modulus E.F Final comp utation of e12 

F, Angl e A2 

A Parameters in e 12 B2 
Iterated variab l es 

B Parameters in e12 FI 
in comp lete in tegra l 

X Upper limit of integral G 

Z 
F~ag for various types 
of inteoral C2 

M,M, II 12 ~i~i I mjers for 
Test string for compl ete/ 

N,N, A$ incomp lete 
Test string for trig/ 

B$ XD,X, genera l form 
Variables in iteration 

e,c, C$ Test for E F 

0,0, n! To,' for RVF 
Save values for 

P P M2 M2 stopping test 

INOTES AND REFERENCESI 

References : 1. Bulirseh, R. , NUMERICAL CALCULATION OF ELLIPTIC INTEGRALS AND 
ELLIPTIC FUNCTIONS, (Num. Math., V. 7, 1965, pp. 78-90). 

2. Henriei, P., COMPUTATIONAL ANALYSIS WITH THE HP-25 POCKET 
CALCULATOR, (John Wi l ey & Sons, New York, 1977) . 
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IPROGRAM LISTING I 
10 ! ~LLIPTIC INTEGRALS 
20 ! OF THE FIRST AND SECOND TYPE 
30 COMpU' •• cOMplete and 
40 I i nCOMplete elliptic integrals 
SO ! of ttle first and second 
f)O ! type by iteration 
70 I Revision 11/01/1982 
80 DISP '* * * ELLIPTIC INTEGRALS * * >'t:.' 
S'O ! Define "H15WE:'r' function 

iOIl DEE FNA 
liD Zi-NUMIKEY$) ~ IF ZI~i3 AND Zl18 TH 

EN 110 
120 FNA=/l ~ END OEF 
i31l ' le.' for co"pi/inc in,ogr.l 

140 DI~3P CHR$(i9S)i'oMpletc'? / 'iCHR$(20 
:U i 

150 INPUT 'ncoMplete integral?'/'C'j At 
@ AS=UPRC$(A$[i,i]) 

i~,O ON POSI'CI'/AS)+i GOTO 140,650,170 
170 ! lrig/general forM for inc integra 

1 
:1.80 DISP CHr~~;(212) i 'r:i.q or' I ;C~m$(:l9(f) i 
1.90 INPUT '~?rH;»r'al f(H'M'?' )'T';. Wt> ~) D!t.:o::U 

PRC$(n~I; [i.)l] ) 
200 ON PD::)(/TG/,B~~H-l GOlD i8())~?';:~OJ330 
210 ! Input for trig forM 
;.~~~O INPUT 'Value of Modulus?' il< 
;.~30 IF 1< ):::1 OR K < () THEN 'ElEE.P @ DISP 'In 

COT'T'f.·!ct V',ll.UE' for f10dulu<:;!' @ COlO 
2;~ 0 

:.?40 INPUT '\)alLJ0 of c'ngl~:! ?' j F;'~ (i! IF F2 
"::0 THEN n I~-) p 'E>:() and F=O ' m GerrO El 
00 

2S0 IF F2)=PI/2 OR F2(O THEN BEEP @ nIS 
p ':tnc()r'r'ec:"t <·.\nlJJ.c~!' @ COlO 240 

260 X=TANCF2) B K1=SQRC1-K*K) @ A=1 @ B 
::::1. @ Z:::1 

270 ! lest for ~ or F 
280 DISP C H R~;( 1fl7) j' funct:i.on or' 'iCHI~$ 

( 1913 ) ;. 
~~("lO INPUT' f\)nction'?', 'F' i C1; (;.! C~~""upr~ 

Ci;(C~;[t > 1] ) 
300 ON POSC'FE',CS}+1 GOTO 280,390,310 
310 I=O @ D=Kl*Kl @ COTO 390 
320 ! Input paraMters 
3~O INPUT 'CoMp le~entary Modulus?';.Ki 
340 INPUT 'Par'.eter .1' , A @ A4-A 
350 INPUT 'Par'~Me1er b?'; B @ B3=8 
360 INPUT 'UP1H;!T' l:i,Mi'f of inteqr'al?' j X 

e IF X=O THEN [=0 ~ Z=2 @ GOTO 590 
3'70 
:lno 

Z• .. ~) ,,- .... 
! Irlitialize variables 

-Select cOMplete or inCOMplete 
integr'al 

-Se lect Trig or General forM 

-Select E or F func1ion 

·-Enter Modulu~i, par'aMeters 

-Enter upper liMit 

) 

I 



) 

) 

) 

I lPROGRAM LISTING! 
390 H=l @ N=ABS CK1) @ X O ~ l /ABS(X) @ C=O 

(ll D::.: ABSeX)/(l+ X*X) @ P=S QR«l+(I<1* 
X)"Z)/ (1+X*X» 

400 1 =0 @ T ~i/2 e 5=0 @ H=A-B @ M2= i @ 
N2=2 

410 ! Mai n iteration 
4~:.!O Ml = N+M 
4 3 0 N1=2*SQR(N*M) 
440 Al=(B/M+A )/2 
4S0 Bl=A*N+B 
460 Xl=- MI N/X O+XO 
4'70 P i=M*N/P+P 
400 C l =(l)/P+C)/2 
490 Dl=MINIC/ P+D 
500 S=S +T*ll -SGNI XO» 
S10 ! lest for cO Mp l etio n 
52 0 IF ABS(1-N2/ M2)( . OO OO Ol THEN 57 0 
530 ! Update var iables 
540 N2=N e M2=M 
SSO N=Nl @ M-MI ~ A=AI @ B=BI ~ XO-XI @ 

P=Pi ffi 1)=D1 @ C=Cl @ T=T/2 @ 1=1+1 

S60 
S70 

sao 
S90 

6 0 0 

bl0 

tJ :::: () 
630 
640 
6S0 
660 

670 
M~() 

b90 
700 
~~ 1 () 
7;~ () 
730 
7.(~ 0 
7S0 

760 
770 

Ii? GOlD 42 {) 
! Fi rl a l ca l culation 
F=ATN( M /X O)·~( 2AI*S+( 1 -SGN(X O» /2)*P 
1/2 
f;.:::Al *Fn1+H*Cl 
IF 2=2 THEN DI S P USING " 'e12C'lk,', 
',k,',', k,',',k, ')=' " ) X,K l ,A4,B3 
Ii:' GOrO 620 
IF 1.= 1 THEN DI SP 'F('iF2i','iKi')=' 

ffi GOTe) 620 
IF 2'.::::0 THEN DISP 'E('iF~:~i'}'iKi')=' 

r? GOrD 620 
IF FNA=i3 "HEN 630 ELSE 620 
DISP E @ I F FNA=B THEN 590 ELSE 800 
l COMplete el l iptic integral s 
INP UT 'Val ue of Modulu s ?';. K e Z=3 
IF K)-1 OR KIO THEN BEEP ~ DISP ' In 
co .. rect value for Modulu s l' E! GDTO 
6S0 
A2=1 @ B2=SQR(1 - K*K) @ Fl=l @ G=K*K 
A3 = (A2+B2 ) /2 e C2=A3-B2 
IF ABS(C2*C2)<1.E-13 THEN 750 
Fl c-::2*Ft 
G ""G +Ft*C2*C;~ 
B;,:.~=SQR (A2*r{2) 
A2='A3 
COrD 68 0 
I i=PI/(2*A2) @ DISP USING " 'F(' J k ,' 
) :::: ' , I<" } K,Ii 
I F FNA-S THEN 750 

'):::' , k" ,; 1< , 12 
780 IF FNA-8 lHEN 770 ELSE 800 

-Display r e!:; ult 

-COMp l ete elliptic integral s 

- Di s play re s ult s 

53 
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IPROGRAM LISTING I 
'/90 ! RVE Module 
COO DISP CHr~~I;(210)i/un ngain,'jCHR$(2t4 

),'iew aga:i.n,or' .>CHI~$(t97)j 
BtD INPUl 'nd?' ,'R' j Ot Ii! 1~$::::UPI~Ct«H[1 

, i ] ) 
820 ON POSC'RVE',Q$)+l COlO 800,140 , 830 

,840 
830 ON Z~1 GOlD 61()600,S90,7S0 
840 STOP 

-Pr'ogr'aM options 

) 



I IPROGRAM DESCRIPTION I )b==~~~~~~~~~~~ 

) 

) 

BESSEL FUNCTI ONS: ASYMPTOTI C EXPANS ION 

This program computes the values for large z of the Besse l funct i ons Jm(z) 

and Ym(z). 

Let (a)k:=a(a+1) .•. (a+k-1 ) for k a non-negative integer . The Bessel func­

tion s of the f irst order , Jm( z) , and second order. Ym( z) are defined asymp­

toti ca ll y by : 

Jm(z)= ;r,rrrz (Pm(z)COS (z-mn/Z-n/4) -Om( z)SIN(z-mn/Z-n/4)) 

Ym(z)=;r,rrrz (Om(z)COS(z -mTI/Z-n/4 )+Pm(z)SIN(z-mn/Z-n/4)) 

in which Pm(z) and 0m( z) fo r large va lues of z are given by: 

Pm(z)= ~( - 1)n(,"m)2n(~m)zn~(zn )!(Zz)Zm) . n= O.l •..• 

0m(z)= ~ (-1)n(,"m)zn+1(~m)zn+1 /((Zn+1) ! (Zz)Zm+ 1 ) . n=l .Z •... 

Al gorithm: Input m;z 

Let n=O, c=1, a=l. b=O 

DE F q(w) = ( - ~-m+w)(-~m+w)/(Zzw) 

a : n=n+1 . c=q(n) c . q=q(n) 

If t100(n.Z)=0 then a=a+( _1) n/Z c . qoto B 

b=b+( -d n+ l) /Z c 

B: If q(n)=O then y 

If n sma 11 enough then a. 

y: u=z-mn/Z-n/ 4. v= IZ/( nz" 

r=v(a COS(u) - b SIN (u) ) 

s= v(b COS(u) + a SIN(u)) 

Disp J(m.z) = r 

Di sp Y(m.z) = s 

Stop 

55 
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ISAMPLE PROBLEM I 

Estimate J (6) Y (6) 
11/2 ' 11/2 

I SOLUTION I 

STEP INSTRUCTIONS DISPLAY INPUT 

Al Run program *** BESSEL FUNCTIONS *** 

2 Enter order Order of Bessel function? o [RTN] 

3 Enter argument Argument of Bessel function? 17 [RTN] 

Computing ... 

4 Answer J(O,I7) = .169854252151 [RTN] 
) 

Y(O,I7) = -926371984416E-2 [RTN] 

5 Run again Run again, View again, or End?R [RTN] 

6 Enter order Order of Bessel function 5.5 [RTN] 

7 Enter argument Argument for Bessel function? 6 [RTN] 

Computing . .. 

8 Answer J(5 . 5,6) = .309778760825 [RTN] 

Y(5.5,6) = - . 31984611 0638 [RTN] 

9 End program Run again, View again, or End? E [RTN] 

I 
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IUSER INSTRUCTIONS I 
) 

STEP INSTRUCTIONS DISPLAY INPUT 

1 Run program **** BESSEL FUNCTIONS **** 

2 Enter order Order of Bessel function? M [RTN] 

3 Enter argument, Zo Argumant of Bessel function? Z [RTN] 

4 Answer J (m, z) = [RTN] 

Y(m,z) = [RTN] 

5 Select program opti ons : Run again, Vi ew again, or End? K'[RT~l t 

To run again enter 'R' and 

go t o step 2. 

To view the answer again 

) enter ' V' and gato st ep 4. 

To end the program , enter ' E'. 

) 



" 

IV ARIABLE NAMESI 

NAME DESCRIPTION NAME DESCRIPTION 

FNA Answer function N Counter 
Accumulators for sum 

D Dummy variab l e for FNA A,S of P .0 

FNG MultipJ ier function C Mai n term of series P,Q 

M Order of Besse l function U 
Simp IHy argument for 
Slne and COSlne 

Z Arqument of Bessel function V Factor for J Y 

W Dummy variable for FNQ R Final computations 
Input string for 

Q$ RVE modul e S 

INOTES AND REFERENCESI 

References: I . Henriei, P. , APPLIED AND COMPUTATIONAL COMPLEX ANALYSIS, 
(Vol. 2, John Wiley & Sons, New York, 1977). 

2. Henriei, P., COMPUTATIONAL ANALYSIS WITH THE HP- 25 
POCKET CALCULATOR, (John Wiley & Sons, New York, 197 7) . 

) 

) 



)~====~IP~R~O~G~R~A~M~L~I~S~T~IN~G~I====~ 

) 

) 

10 I BESSEL FUNCTIONS 
20 ! (A!iYMpt()tic expansion) 
30 t ApproxiPIBTes the values of 
40 Bessel functions using an 
SO ! aSYMptotic expansio n . 
60 ! Works best for large 
70 ! va:Lues of the arguMent. 
80 ! Revision 11/01/1982 
90 

1. 0 0 
110 

t;~ 0 

131l 
140 
:I. '::~ 0 
:1.60 
170 

:I.CO 
t?O 
~~ 0 0 

;~:I. 0 
220 
;.:'~30 

::.~4 0 
~?SO 

DISP ' •• * • BESSEL FUNCTIONS * • * *' 8 OPTION ANGLE RADIANS 
INPUl ' Or' df.)r' of l~e!;!;e l fu ncti on?' iM 
INf'lJT 'Argu Me nt of Bessel f unction? 
'iZ 
IF Z(:::O THEN BEEP @ I>1!:;P 'Invalid iii 

rguMent' @ GOTO 110 
DISI-' 'CoMputi n g. 
! Inl. "tl.aU.ze 

F.l)N::::O P A,C""t 
! Vef ine Multiplier function 
DEF FNQ(W) ::: i/(W*(2*Z»*(-i/2-M+W) 
*<·_· 1 /2+M+W) 
! Define anSWDr func tio fl 
DEY FNA 
D=NUM C1CEYt) @ IF Dt13 AND Dt8 THEN 
;.:.l 0 () 
r N(.I:"'D iii END DEF 
! Main lo op 
N=N+i 
C-FNQIN)*C I Q-FNUINI 
IF MODCN J 2)=O THEN A=A+C-i)ACN/2)*C 

(~ GClTU ;~7 0 
260 B=B+C-1)AIP(CN+i)/2)*C 
270 IF FNQIN)-O THEN 300 
280 IF N<21 THEN 230 

2S'0 
:I 0 I) 
;11 0 
320 
:131) 

341l 
:~SO 

360 

3'70 
:3HO 

:~9() 

40 () 

410 

420 

1 Ac t ual calculation of values 
U=Z-M*PI/2-PI/4 @ V=SQR(2/(PI*Z» 
R=V*CA*COSCU)-B*SIN(U» 
S=V*CB*COSCU) +A *SINC U» 
DISP USING " JI',k, ' ,',k,' I=',k" I 
M/Z)R 
! Wait for RTN key 
IF FNAI13 THEN 350 
DISP USING " 'YC'Jk,' ,', k , ') =')I," 
M,Z}S 
IF FNAI13 THEN 350 
! PrograM options 

DISP CHfd,(2iO) ~'un i:lqa:ll"l, ' ;CHR~;(2:t 
4);/j.ew agc1:i.fI, 0(' ';CHR~~(i97); 

INPl.n 'nd?' ,'r~/; (J~; @ rJ$~;;lJPRC$CQ$[i 

) 11 ) 
ON P()~;C'I~Vf.:.'J(~~;)+i GOlD 390,100,330 
,420 
DISP @ ST OP 

-E nt er order J arguMen t 

-Wait!:; for' 'RTN' or' 'BACI<' kt~y 

-Sets nUMber of TerMS COMputed 
irl the 5EPrirn5 for p,q 

-Disp l ay results 

-Options to rl)n agin, v iew 
aqrjin, (H' f:md . 

59 
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IPROGRAM DESCRIPTION I 

BESSEL FUNCTIONS: BACKWARD RECURRENCE 

This program computed approx imate values of the Bessel functions Jm(z), 

which are solutions of the differential equation: 

We can approximate the Jm(z) by finding a sequence of numbers Ym that 

also satisfies the backward recurrence relation: 

Ym+1 - 2m Y + Y 1 = o. Z m m-

Jrn(Z) ;s approximately proportiona l to Ym' with the constant of propor­

tionality C, given by: 

Algorithm : Input z. m. k 
Initialize y(k+I)=O. y(k)=J. e=O 
For i = k to 1 step -I 
y(i - I) = 2iy(i)/z-y(i+J) 
If i = 1 then e=e+y(O) 
If MOD (i .2)=0 then e=e+2y(i) 
Next ; 

For ; = a to m 

y(i) = y(i )/e 

Disp Ji(z) = y(i) 
Next 

Stop 

) 

) 



., 

)~====~IS~A~M~P~L~E~P~R~O~B~L~E~M~I======d 
Compute J (I) for m=O, I, 2, 3, 4, 5 

m 

I SOLUTION I 

STEP INSTRUCTIONS OISPLAY INPUT 

1 Run program *** BESSEL FUNCTIONS *** 

2 Enter argument Argument of Besse l function? 1 [RTN] 

3 Enter iterations Number of iterations? 30 [RTN] 

4 Enter largest order Order of Bessel function? 5 [RTN] 

5 Answer - review lower J(O,I) = .765197686559 [RTN] 

) order function J(l,l) = .440050585745 rRTNl 

J(2 ,l) = .114903484932 [RTN ] 

J(3,1) = 1.95633539827E - 2 [RTN] 

J(4,1) = 2.4766389641IE- 3 [RTN] 

J(5,1) = 2.49757730211E-4 [RTN] 

6 End program Run again, View agai n. or End?R E [RTN] 

) 
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IUSER INSTRUCTIONS I 

STEP INSTRUCTIONS DISPLAY INPUT 

1 Run program **** BESSEL FUNCTIONS **** 

2 Enter argument Argument of Bessel function? z [RTN] 

3 Enter number of iterations Number of iterations? k [RTN] 

4 Ent er order of function Order of Bessel function? m [RTN] 

5 View answer J(m,z) = [RTN]/[BACK] 

Press [RTN] to view 

nex t answer, press [BACK] 

to view previous answer. 

6 Se lect program opti ons: Run again. View again, or End?R R'~r ~l E RTN 

To run the program again 
) 

enter 'R' and gato step 2. 

To view the answer again, 

enter ' V' and gato step 5. 

To end the program enter 'E', 

) 



jF======~IV~A~R~I~A~B~L~E~N~A~M~E~S~I ======~ 

) 

) 

NAME DESCRIPTION NAME DESCRIPTION 

FNA Keyboard function K Number of iterates 
I Array. Tor recurrence. 

A Dummy variable for FNA Y(65) iterates 

Z 
Argument for Bessel 
f netian C Proport ;ona 1 i ty constant 

M Order of Bessel function Q$ 
~npu, stnng Tor 
RVE module 

INOTES AND REFERENCESI 

Notes: 1. The max i mum number of iterations is 64. Thi s can be altered 
by changing the di mension statement on line 60. 

2. The number of iterations must be l arger than or equa l to the 
order of the Bessel Function. 

References: 1. Gautschi, I~., COMPUTATI ONAL ASPECTS OF THREE-TERM RECURRENCE 
RELATIONS, (SIAM Review, Vo l . g, 1967, p.24-82). 

2. Henrici, P., COMPUTATIONAL ANALYSIS WITH THE HP-25 POCKET 
CALCULATOR, (Wiley-Interscience, New York, 1977) . 

63 
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IPROGRAM LISTINGI 
10 I BESSEL FUNCTI ONS 
20 Appro xi Mate Bessel functions 
30 usi ng backward r ec urrence 
40 re l atio ns. 
SO ! Revision 11 /0 1 / 19 82 
60 DIM Y ( bS) 
70 DISP' * * * BESSEL fUN CTIONS * * 

*' 8 0 ! D~fine keyboard fun c tion 
90 DEF FNA 

100 A-NUMIKEY$I ~ IF At13 AND AtB THEN 
100 

110 fNA-A @ END DEF 
U~O I NPUT 'Arq uM e nt of' Bessel fun ction? 

'iZ 
t :5() INPUT 'NuMbm' of itera tion s?', K 

140 INPUT 'Order of Bessel function?'IM 
150 IF M>I< THEN BEEP ~ DISP 'Inv alid or 

derliterate re lat ion ! ' I! GO TD 140 
160 IF MeO OR FPI MltO THEN BEEP e DISP 

'Inuali.d order ! ' ~ GOTD 140 
170 UISP 'CoMp uting . 
180 ! Initialize iterate array 
190 ! and proportionali t y constan t . 
20 0 Y(K~l)= O @ YCK)=i @ C=O 
210 ! Main loo p 
:::20 FOR I=K TO 1 STEP - 1 
230 Y(I-l) =2*I*YCI)/Z-YCI+l) 
240 IF I - I THEN C-C'YIOI ~ GOTD 270 
2S0 IF MODCI J 2) THEN 270 
2l ... 0 C=C+(~*Y(I) 

2'70 NEXT I 
28 0 FOR 1:::'0 T O M 
:>90 YlII"'YlII/C 
300 NEXT I 
310 ! Display l •• er order v.I ••• 
320 FOR 1=0 TO M 
330 DISP USING " 'J(',k,~,',k,')=',k " 

I,Z,Y(l) 
340 IF FNA-a THEN I-MAXlI-l,OI e GOTD 3 

3 0 
350 NEXT I 
360 DISP CI-IR$(210); ' un again, 'jCHR$(21 

4)j'iew again, or 'jCHRS(197)j 
37 0 INPUT ' nd?','R'; Q$ @ Q$=UPRC$(Q$[l 

, 1] ) 

3EO ON POSC'RVE',QI)+l GOla 36 0 ,120,320 
,39 0 

3911 STOP 

- Wai t s for 'RTN' or 'BACK' key 

- Enter argUMent, nlJMb e r of 
iterationf:'. 

- MaxiM UM nUMber of iterations 
is 64- see line 180 

-Prog raM options 

) 

) 



I [PROGRAM DESCRIPTION I )~==~~~~~~~~~~==~ 

) 

) 

GAMMA FUNCTI ON 

This program computes the values of the Gamma function 

r (x) = J(~X-le-tdt 

which extends the definition of factorial n! ( the product of the first n 

integers for n a positive integer) 

r(x) = (x -I )! 

to all numbers x such that x>O. 

Integration by parts yields r (x+l) = xr(x) and this recursive re l ation in turn 

implies r (x) = r (x+n)/x(x+ l ) •.• (x+n-l ). 

Stirl ing 's formu l a yields the asymptotic approximation for r (x): 

loqr(x) = (x - ~) l oq(x) - x + log/ZIT + b2/2x +(b4/3)4x3 +(b6/S)6X S + 

in \1hich b2 , b4 , b6 1* " are the Bernoull i numbers. 

Algori thm for r(x ): 

If x is a positive integer compute r(x)= (x-l)! 

as a product of integers. 

If x ; s a rea l number ~8 use Stirling 's approx imation 

to compute r (x) 

If x is a real number <8 use the recursive formu l a and Stirling's 

formula to compute r (x). 

Di5p r(x) 

Stop 

65 
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STEP 

Al 

2 

3 

4 

5 

6 

ISAMPLE PROBLEMI 

A) The formula f or the area of the (n-1) - dimensional unit 
sphere in n-space ;s given by the formula: 

2,n/2/r (n/2) 

Compute the volume of the unit sphere in 4-space. Note 
that the sphere ;s the boundary of the unit ball in 

n-space, so Bn={X:X£ !Rn , IIXlls!} while Sn-J = 

{X:X£ !Rn , Ilxll=!} where IIXII =..jXJ 2+. "+Xn2. 

To solve this problem note that the program terminates 

with a STOP statement instead of an END statement. This 
means that the variables used in the program are avail­

able for inspection. The variable G contains the final 

answer for gamma, and can be used in keyboard calculations. 

I SOLUTION I 

INSTRUCTIONS DISPLAY INPUT 

Run program * * * * GAMMA FUNCTION * * * * 

Enter argument: Arg for gamma function? 2 [RTN] 

n-4 so enter n/2=2 

View answer r(2)=1 [RTN] 

End program Run again, View again, or End?R E [RTN] 

Use var; ab 1 e G to complete the 

problem >2*PI'2/G [RTN] 

Final answer 19.7392088022 

) 

) 



)c=====~IS~A~M~P~L~E~P~R~O~B~L~E~M~I====~ 

STEP 

Bl 

2 

3 

) 4 

5 

6 

) 

Run 

B) The volume of the n-dimensional unit ball ; s lin area 

of (n - 1) dimensional unit sphere , hence equals: 
nn/2/r (n/2+1) 

Compute the vo lume of the unit ball in 3-space. 

I SOLUTION I 

INSTRUCTIONS DISPLAY 

program * * * * GAMMA FUNCTION * * * * 

Enter argument: Arq for gamma function? 

Vi ew answer r(2.5)=1.32924038819 

End program Run again, View again. or End?R 

Use variab l e G to complete the 

problem: >PI "(3/2)/G [RTN] 

Fi na 1 answer 4.18879020475 

INPUT 

2.5 [RTN] 

[RTN] 

E [RTN] 

67 
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IUSER INSTRUCTIONS I 

STEP INSTRUCTIONS DI SPLAY INPUT 

I Run pfoqram * * * * GAMMA FUNCTION * * * * 

2 Enter argument: Arg for ganuna function? X fRTNl 

3 View answer r(X)=r [RTN) 

4 Select program options : Run again, View again . or End?R 
R, V j or E 
[RTN 

To run the program aga in enter 

, R' and gato step 2. To view 

the answer again, enter ' V' 

and goto step 3. To end the 

program enter IE' . 

) 



"Fi ======~IV~A~R~IA~B~L~E~N~A~M~E~S~I ====~ 
j 

) 

) 

NAME DESCRIPTION NAME OESCRIPTION 

B( I) 
Fi rst fi (" Be~)on I Ii 
numbers l!d::;5 Y For smal l values 
Argument for 

P calculation X Qamma function 

0 In place calculation Q N! S Temporary storage 

G Final value of gafMIa Q$ String for RVE module 

INOTES AND REFERENCESI 

Note: The volume of the sphere of radius r i s r n - l times the area of the 

unit sphere, while the volume of the ball of radius r ; s rn times 
the volume of the unit ba ll. 

References: 1. Knopp, K., THEORIE ANO ANWENOUNG OER UNENOLICHEN REIHEN, 
(Springer-Verlag, Heidelberg, 1964). 

2. Henrici, P., Cor~PUTATIONAL ANALYSIS WITH THE HP-25 POCKET 
CALCULATOR, (Wiley-Interscience, New York, 1977). 

3. Flanders, H., OIFFERENTIAL FORMS, (Academic Press, 
New York, 1963). 
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IPROGRAM LISTING I 
10 GAMMA FUNCTION 
2 0 Approx i Ma te the generaliz e d 
3 0 f ac to ria l function by an 
4 0 augMe nt e d Stir lin g forMula 
SO N . B . GaM MMa( x+l)=x! 
60 ! Revi sion 11 / 01 /82 
70 DI SP , * * * * GAMMA fUNCTION * * * 

*' 80 ! Store first f e w Bernoulli no s 
9 0 B(1) = i/6 @ 8(2) =- 1/30 ~ B(3) =1/ 4 2 e 

B (4) ~-1/3 0 e 8( 5)=5/66 
inO INPUT 'Ar'g for qaMMd funetn?";X 
110 IF FP( X)=O AND XC-O THEN BEEP @ DIS 

P 'CaMMa has a pole here,try ag ai n! 
, @ GOTD 100 

120 IF X- 1 TH EN G-1 @ GOTO 310 
130 IF FPCX )t O THEN 22 0 
140 ! CO Mput e in tegral ga MMa 

150 0-1 
160 FOR 1=1 TO X-1 
170 D"' I*D 
180 NEXT I 
190 G-D @ GOTO 3 10 
200 ! Use recursion to COMpute 
210 ! GaMMMd for s Ma l l values 
220 Y=X @ P=i 
230 IF Y)=8 THEN 250 ELSE P=Y* P @ Y=Y+l 

@ GOTCI 23 0 
240 1 Stir l ing 's forMula 

250 G=SQRC2*PI/Y>*V A V*EXP(-Y) e 5= 0 
260 ! Cor rec tion terM 
270 FOR K=2 TO 10 STEP 2 
280 S=S+BCK/2)/(CK-l)*K*YA(K-l» 
290 NEXT 1{ 
300 S-EXPCS) @ G-G*S/P 
3 10 DI SP CHR$(6)j ' ( 'jXj' ) =' jG 
320 I F NUM CKEY$)t13 THEN 320 ELSE 34 0 
330 ! Run,view,or en d 
34 0 DISP CHR$(210)j'un again,'jCHR$(214 

>j'iew agai. n or 'jC HR $(i97)j 
350 I NPUT ' nd ?' ,'R'; Q$ e Q$=UP RC$(Q$ [1 

,1]) 
360 ON POS('R VE',Q$)+ l GOTO 340,100,310 

,370 
370 STOP 

- COMpute int egra l gaMMa 
~u nction as fac tori al 
sf?peratly 

-Use S ti rl ing s for Mul a for 
larg e values of X 

- PrograM options 

) 



I IPROGRAM DESCRIPTION I )~==~~~~~~~~~~==~ 

) 

) 

ERROR FUNCTl ON 

Thi s program computes the values of the error funct i on 

erf(x) = L f EXP( -t2) dt. 
Iii 0 

The integral ;s eva luated as a specia l case of the in complete gamma function 

r( o,x) = J :e-ttO-Idt. As a result, erf(x) =( I/ Iii) r(I/2,x 2). 

Al gorithm: Input argument x 

0 : 

Disp erf(x) =(I/Iii)g( ~,x2) 

St op 

Def g(b ,y) (incomplete gamma) 

uo=zo= l /b, zl = y/( b+b2), uI=uo+z l 
2 

z2 = YZI/(z l +Yzo) 

u2 = u1 + z2 

~=EXP( _y)ybU2 

If not complete, update zo ,zl'u, arid gato a 

g(b,y) = g, end def. 

71 
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ISAMPLE PROBLEM I 

compute erf(. 01) ,erfO) ,erf (3) ,erf( 5). 

I SOLUTION I 

STEP INSTRUCTIONS OISPLAY INPUT 

1 Run program *** ERROR FUNCTION *** 

2 Enter argument: Argument for Erf? .01 rRTN] 

Computing . .. 

3 View result Erf( . 01 }"1.12834155558E-2 rRTrn 

3 Run again Run again, View again, or End?R [RTN] 

4 Enter argument: Argument for Erf? 1 [RTN] ) 

Computi n9 ... 

5 View result Erf( 1 )= .842700792944 [RTN] 

6 Run again Run again, View ~ain. or End?R [RTN] 

7 Enter argument: Argument for Erf? 3 rRTNl 

Comput ino ... 

8 Vi ew result Erf( 3 )= .999977909523 rRTNl 

9 Run again Run again, View again, or End?R [RTN] 

10 Enter argument: Argument for Erf? 5 [RTN] 

Comput ;n9 . .. 

11 View result Erf( 5 )= .999999999999 [RTN] 

12 End program Run again, View again, or End?R E [RTN] 
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I IUSER INSTRUCTIONS I 
) 

STEP INSTRU CTIONS DISPLAY INPUT 

I Run program *** ERROR FUNCTION *** 
2 Enter argument Argument for Erf? x [RTN] 

3 Vi ew an swer Erf (x)= [RTN] 

4 Se l ect program options : Run again. View agai n, or End?R R,t; ~l E RTN 

To run the program again, 

enter 'R' and gato step 2. 

To view the answer again . 

enter ' V' and gato step 3. 

To end the program. enter 'E ' . 

) 

) 
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I VARIABLE NAMES I 

NAME DESCRIPTION NAME DESCRIPTION 

FNG(B, Y) Incomplete gamma function G Fi na 1 val ue of FNG 

B , Y Argument for FNG F Fina 1 value of erf 

Q$ 
Input string for 

UO,Ul,U2 Iterates for RVE module 

lO,Zl computing FNG 

INOTES AND REFERENCESI 

Reference : Tr icomi, F., LECTURES ON THE USE OF SPECIAL FUNCTIONS BY 
CALCULAT IONS WITH ELECTRONIC COMPUTERS, (Inst. for Fluid 
Dynamics, U. of Md. #47 , 1966). 

) 



IPROGRAM LISTINGI 
) 

10 ! ERROR FUNCTION 
20 COMpute the integral 
30 ., 2/sqr(pi)lexp(-,"2) 
40 ! on the interval [O,y] 
50 ! Revision 11/01/1982 
60 DISP' I * * ERROR FUNCTION • * • 
70 ! Define inCOMplete gaMMa function 
DO l)EF FNGCB,Y) 
90 UO =l/B W ZO=l/B e Zl=Y/CB+B ft 2) e Ul 

::::UO+Zl 
100 22=V*Zi A 2/(Zl+Y*ZO) 
1:1.0 LJ2~"Ul+Z2 

120 G=EXP(-Y )*YA B*U2 
130 IF ABSCUi-U2)(EPS THEN 140 ELSE 

Z1 e 21=Z2 e Ul=U2 e GOTO 100 
140 FNG-G e END DEF 
ISO 
i60 
1711 
HIO 
190 
~?O 0 
;.:~ i () 

! Enter arg an d COMpute Erf 
INPIJT 'ArguMent for Erf?'jY 
DISP 'CoMputing. 
F=l/SQRCPI)*FNGC.S,V*V) 
DUn' 'Erf(/;Yj')~=/jF 

ZQ= 

) 
')~:J () 

2~O 

! Wait for return key to co ntinue 
IF NUMCK EY$ ).i3 TH~N 210 ELSE 230 
! Run,view,or end 
DISP CHRt(210);'un C)(;pin,'iCHR!J;(2t4 
)j.'l.ew aqain or 'j.C HR $(197 ), 

24() 

260 

) 

INPUl 'nd?','R', Q$ 0 QS=UPRCSCQS[l 
,1]) 
ON POSC'RVE',Q$)+1 COTO 230,160,190 
,26() 
STOP 

-Test for c()Mpletion 

·'·Proqr'aM options 
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IPROGRAM DESCRIPTION I 

LEGENDRE POLYNOM IALS 

This program computes the values of the Legendre polynomials Pn(x) 

where - l<x<l and P = 1 
- - 0 

The Legendre polynomials satisfy the recurrence rel ation: 

(n+I)P +1-(2n+l)xP +nP 1 = 0 n n n-

Algorithm : Input nix 

Let c=x , b=1 

FOR k=1 to n-I 

r =( (2k+l)xc-kb)/(k+l) 

Update b,c 

NEXT k 

Oisp Pn(x)=P 

Stop 

) 



}F1 ======~IS~A~M~P~L~E~P~R~O~B~L~E~M~I====~ 

) 

) 

Sample Probl em ; A) Find the va lue of the Legendre po lynomial 

Pn(x) =; P(n,x) For n=5 at x = . 5 

I SOLUTION I 

STEP INSTRUCTIONS DISPLAY 

Al Run program ••• LEGENDRE POLYNOMIALS ••• 

2 Enter deoree n=5 Deoree of Do lvnomial ? 

3 Enter pOint x=.5 Point of eva l uation? 

4 Answer P(5,.5) = 

. 08984375 

5 Tri g form of answer P (casS) P(5, c05(1.0471975512 ) = 

. 08984375 

6 End program Ru n again, Vi ew again. or End?R 

INPUT 

5 rRTNl 

. 5 [RTN] 

[RTN ] 

[RT N] 

[RTN] 

[RTN] 

E [RTN] 
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STEP 

Bl 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

14 

15 

ISAMPLE PROBLEMI 

B) A function f(x) on [-1,1] is approximated by the formula 

f(x)=- .5 P, (x)+1.3P3(x). Estimate f at x=.5 

I SOLUTION I 

INSTRUCTIONS DISPLAY INPUT 

Run program *** LEGENDRE POLYNOMIALS *** 

Enter degree n=2 Deqree of polYnomial? 2 [RTN] 

Enter point x=.5 Point of evaluation? .5 fRTNl 

Answer P(2, . 5) = [RTNl 

- .125 [RTN] 

Trig form of answer P(2, c05(1.0471975512)) = [RTN] 

- .125 [RTN] 

End program Run again. View again. or End?R E fRTNl 

Let F, = -5.P F, = -.5 * P f RTNl 

Run *** LEGENDRE POLYNOMIALS *** 

Enter degree Degree of polYnomial? 3 fRTN l 

Enter poi nt Point of evaluation? .5 fRTNl 

Answer P(3 ,.5) = [RTN] 

-.4375 [RTN] 

Trig form of answer P(3, c05(1 .0471975512)) - fRTNl 

- .4375 [RTNl 

End program Run again, View again, or End?R E [RTN] 

Calculate final answer F2+! · 3*P [RTN] 

-.50625 [RTN] 

} 
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'\ 
IUSER INSTRUCTIONS I 

STEP INSTRUCTIONS DISPLAY INPUT 

1 Run program *** LEGENDRE POLYNOMIALS *** 
2 Enter degree of polynomia l Degree of polynomial? n [RTN) 

3 Enter point of evaluation Point of evaluation? x [RTN) 

4 Answer P (n ,x) ~ [RTN) 

P [RTN) 

5 Answer in trig form P (n, cos e) = fRTNl 

P rRTN) 

6 Run aaa;n Run aaain, View aaa;n, or End? R,~{ ~l E RTN 

To run again, enter 'R' and 

) go to step 2. 

To view the answer again enter 

'V' and gate step 4. 

To end the program enter 1 E' . 

) 
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I VARIABLE NAMES I 

NAME DESCRIPTION NAME DESCRIPTION 

FNA Answer function C,B Temporary stora~e and 
initial values or 

N Degree of polynomial computing 

X Point of evaluation p Final approximation 

0$ String for RVE module 

INOTES AND REFERENCESI 

Reference: Conte, S.D., and C. deBoor, ELEMENTARY NUMERICAL ANALYSIS, 
(McGraw-Hi l l, New York, 1980). 

) 



IPROGRAM LISTING I 
iO ! LEGENDRE POL.YNot11AL S 
2 0 ! COMpute the value of the 
30 ! n 'th Legendre polnoMial 
40 ! a t th e point x 
SO Revision 11/01/1 982 
60 DISP '* • * LEGENDRE POLYNOMIALS * 

* *' 70 ! Wait for return,back key s 
no DEF FNA 
9 0 A-N UM CKEYII @ IF AI13 AND A_a THEN 

911 
100 FNA=A e END'DEF 
liD INPUT 'Degree of p oly noM ial?'; N 

l~~O INP Ul 'Poi nt of evaluation?';X 
1 30 IF ABS(X)l lHEN BEEP @ l)ISP 'Inval 

id <H'gIJMent!' @ GOT U 120 
140 ! lest for degree 0,1 polys 
l S0 IF NIl THEN 190 
160 I F N=O THEN P=i e GOTO 26 0 
1711 P·X e GOTO 260 
180 ! Initialize 
1 90 C=X e Be";: ! 

)
20n ! Main loop 
210 FOR K=l TO N-1 
220 P~i/(K+l)*(2*K+l)*X*C-l!(K+l)*K*B 
:.?30 B=C @ C::~P 

;.?40 NEXT K 
250 ! An swer display 
:.?60 DISP 'P( 'j Nj',',X;') =' @ IF FNA=13 

rHEN DISP P ELSE 260 
270 T=ACOS(X) @ IF FNA=13 Tf1EN 280 ELSE 

2f::() DISP 'P(';N;',cos(';T;'»=' (~IF FN 
A=:13 THEN DISP P 

2911 IF FNA"13 THEN 310 ELSE 290 
300 ! RVE Mndule 
310 DISP CHr~1;(~~10);'un i:lgain ,';CHHt>(2i4 

)j'iew again, or';CHR$(i97); 
3~~O INPlll 'nd?') 'H'; Q$ @ (~t>:"'UPRC$«(~${ 1 

) 1] ) 

330 ON POS('RVE',QS)+1 GOlD 3iO,110,260 
,340 

34 () STOP 

-Enter degree, point of 
~?>ual ua t inn 

-·ABS(X) Must be'! ( onf-J 

-Display answer 

-Pr'nqraM options 
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