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BESSEL FUNCTIONS, ERROR FUNCTION

The first routine computes the Bessel functions J, (x) and I, (x), where n is
a positive integer and x > . The second of the two routines finds the
error function and complementary error function for positive arguments.

Bessel Functions
The Bessel functions J (x) and I_(x) are computed by generating trial

values T, through the use of recurrence relations. The recurrence is
begun at an index m given by

6 + max(n,z) + 322
m = 2 INT z
2
where 7z = %5
- 1079 -
The initial values selected for recurrence are Tm+l =10 7, Tm+2 = 0.

For the functioms Jn(x), each term T (0 <k j_m) is computed by the relation

k

2 (k+1)

T, . (x) - T, ,,(x)

T (%) = k+1

k+2

beginning with k = m.

Jn(x) is then found by dividing the term Tn(x) by the normalizing constant

m/2
K = To(x) + 2 E T2k(x).
‘ k=1
After calculating a J (x), the values of J (x) and Jl(x) may also be found
with very little additional computation. °

For the functions In(x), each Tk is calculated from the recurrence relation

=2(k+1)T

ety (B + T

Tk(x) (x) s

k+2

0 < k < m, beginning with k = m.

In(x) is then found from the equation:

This program has been verified only with respect to the numerical example given in Program Description ). User accepts and uses tus program material AT HIS OWN RISK. in reiance solely upon his own
nspection of the program material and withoul rehance upon any rep! or ption concerning the program matenal.

NEITHER HP NOR THE CONTRIBUTOR MAKES ANY EXPRESS OR IMPLIED WARRANTY OF ANY KIND WiTH REGARD TO THIS PROGRAM MATERIAL. INCLUDING. BUT NOT LIMITED TO. THE
IMPLIED WARRANTIES OF MERCHANTABILITY AND FITNESS FOR A PARTICULAR PURPOSE. NEITHER HP NOR THE CONTRIBUTOR SHALL BE LIABLE FOR INCIDENTAL OR CONSEQUENTIAL
DAMAGES IN CONNECTION WITH OR ARISING OUT OF THE FURNISHING, USE OR PERFORMANCE OF THIS PROGRAM MATERIAL.
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In(x) - Tn(x)

m
To(x) + 2 Z; T, (x)

The error function is defined as

2
X -t
erf(x) = —LA‘ e de

Error Function

and the complementary error function as
erfec (x) =1 - erf (x).

For large values of x (>3), the error function is very close to 1. If
erfc(x) is computed as 1 - erf(x), most of the significant figures of
erfc(x) will be lost for x > 3. Hence two different algorithms are
employed in this program, one for x < 3 and one for x > 3. For £ 3,
the error function is computed by a series sum

2 .2 2n 2n+1
erf(x) = % e X 1-3...Cnt0) *

and the complementary error function
erfe(x) =1 - erf(x).

For x > 3, the complementary error function is computed first, by the
asymptotic expansion

2 n
erfe(x) = ——— & X . 1+ Z : (-D™1-3- ... -(2n-1)
X ‘/l vy (2X2)n

and the error function by
erf(x) = 1 - erfe(x).

The accuracy of the calculation of erf(x) and erfc(x) from series sums may
be controlled by the user. For x < 3, it is quite reasonable to specify 9
for maximum accuracy; for x > 3, the series may never converge with 9, and
a safer specification would be 6 digits.
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Remarks:

1. The range of values 0 £ x £ 10"® is out of bounds for the Bessel
functions in this program. In this range, however, one may take
Jo(x) = Jo(0) = Io(x) = I5(0) = 1, and Jn(x) = Jh(0) = I (x) =
1,(0) =0, n#0.

2. The computation of erfec(x) will halt on overflow for x > 15.

Reference: Abramowitz and Stegun, Handbook of Mathematical Functions,
National Bureau of Standards, 1968.

Examples:

1. Find Js (9.2)
2. Find Jo (9.2)
3. Find J; (9.2)
4, Find I3 (4.7)

5. Find erf and erfc 4.55 to 6 places

Keystrokes: Display:

[USER] (set USER mode)
[XEQ] [ALPHA] SIZE [ALPHA] 007
[XEQ] [ALPHA] INIT [ALPHA]

[J] N?
5 [R/S] X?
1) 9.2 [R/S] J=-0.1005
2) [R/s] J0=-0.1367
3) [R/s] J1=0.2174
(1] N?
3 [R/S] X?
4) 4.7 [R/S] 1=7.4195
[E] ACCURACY?
6 [R/S] X?
5) 4.55 [R/S] ERF=1.000000

[R/S] ERFC=1.237405E-10



00060C

User Instructions
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size: 007
STEP INSTRUCTIONS INPUT FUNCTION DISPLAY
1 |[Load program and set USER mode [USER]
2 Initialize [XEQ] INIT
3 To find J,(x) [J] N?
input n n [R/S] X?
input x X [R/S] J=
(optional) to find J,(x) [R/S] JO=
and J, (x) [R/S] Jl=
4 To find Ip,(x) [I] N?
input n n [R/S] X?
input x X [R/S] I=
5 |To find error [E] ACCURACY?
input no. of decimal places n [R/S] X?
input x x [R/S] ERF=
[R/S] ERFC=
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al«lEBL =“IHI
a2 CLEG
Az RBTH
A4« BL !
G5 KEQ =
A SF Qo
a7el_BL a3
a2 XEG b
89 CF @az
18 ST+ Qa
11 EG b
12 FS?C @2
13 GTOo a9
14 RCL 832
15 RCL Ga
16 EHTERT
17 +

18 RCL 435
zg -

zZ1 "Jd=

22 KES d
232 GTO
24« BEL a
25 FIX 4
Ze N7t
27 PROMPT
28 STO @1
Z9 KT
Z0 FPROMFT
F1 i.S

Iz *
=3 STOQ @3
24 RCL 81
25 HKL4=¥7
26 H4Y
7 B

38 +

29 RCL AZ
43 3

41 *

42 RCL @3
44 +

45 -
4c +

vy Z
42 -

49 INHNT
=83 ENTERTt

"J"

input n + x

initialization
for Bessel
(I, + 1)

“

88

Program Listings
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+
+
STO 8¢
3
RCL @3
STO 82
a
STO 85
ST @a
E-5
sSTO @4
RTH
+LBL b
DSE 86
SF 82
RCL B
RCL @1
K27
CTO 2
RCL B4
ST0O B3
+LBL 88
RDH
RCL B85
FS? @a
CHS
K< >
RCL 82
N
RCL 94
STO B85
+*
+
STO 04
RTH
«LBL C
RCL B85
RCL 08
ENTERT
+
RCL BS
p
~J@="
KEQ d
RCL B84
CHS
RCL 28
ENTERT
+

Compute one term
FZ set except
for F = 0

Compute Jo(x) +
J1(x)
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284 RL>Y
28085 RHND
286 X=4%7
287y GTO g@g
283 LASTH
2839 GTO 8%
2l1a<«LEBL 88
211 LASTX
212 RCL B84
213 -~

214 1

213 XY
215 -

217 LASTX
218 XY
219<«LEBL B2
228 “ERF="
221 XEQ o
222 HL>Y

223 "ERFC="

224«LEL d
225 ARCL =X
226 AVIEW
227 STOF
228 .END.

30

40

50

51

60

70

80

90

00
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REGISTERS, STATUS, FLAGS, ASSIGNMENTS

—
DATA REGISTERS STATUS
00 ] FTy 50 SIZE _007 TOT.REG._ 53 USER MODE
n; erf term ENG Fix 09 sci ON _X__ OFF
2/x DEG RAD GRAD
1.5x%, TQ/,_ :
Tii (X /T ] FLAGS
05| Ty.q 55 INIT
K; places # S/C SET INDICATES CLEAR INDICATES
10 60
15 65
20 70
25 75
30 80
35 85
ASSIGNMENTS
FUNCTION KEY FUNCTION KEY
40 90
45 95




BESSEL FUNCTIONS
ERROR FUNCTION

PROGRAM REGISTERS NEEDED: 47
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ERROR FUNCTION P&-G Ez 2

ROW 19 (157 ~ 169)
o
ROW 20 (170 - 180)

O
ROW 21 (181 - 192)

L
ROW 22 (193 — 205 ,
A
ROW 23 (206 - 216) "
O e W
ROW 24 (217 - 223)
O
ROW 25 (223 - 228)
D
ROW 26 (228 - 228)

T
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