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Program Titte ... PARTIAL FRACTION EXPANSION . . . . . .. .

Contributor's Name NARMWON KIM

Address .- 784 LAUREL WALK, #B

City GOLETA State/Country CA . ZipCode 93117

Program Description, Equations, Variables . This program can be used to obtain the coefficients

of partial fraction expansion of a rational function with the poles of multiplicity

up to 4. For the rational function, the order of numerator is less than that of de-

nomlnator. For a given rational functionm, F(S), with the partial fraction expansion,

F(s)= (akS + ak_lsk et aIS + ag)/[(s-Py) 1(s Pz) Z__(s-p 5‘“]

N1 Ml -
Kll/ (S Pl) + Ko/ (5- Pl) + + KIMI/(S P1) NOTE: In the multiple-pole expan-

1
+ K,./(S-P ) + K /(s_p.) + ~== + K., /(S-P,) sion, the solutions are
21 27 22 2 2 2 shown in the order from
+ high degree term to low
M1 degree term of the pole.

+ Ry /(S-PL)  + Koo/ (S-B) + ——- + Kapin! (5P

;hg«wggkggvflg}gt(:s,qur, of the partial fraction expansion for F(S), are given by;
T d_:_l,_)r)[(S—P) oF(5) 1}

~q.

s=p_, for q=1,2,---,n & r=1,2,-——,Mn where P

is the pole with multiplicity of Mn which is less than or equal to 4 and the poles

must be expressed in the complex-rectangular forms.

N v A les The additional memory modules; #=INT(M6+%M), where P is the # of

poles and N is the degree of denominator polynomial of F(S).”

Operating Limits and Warnings

For the multiple pole case, the solutlons are approximated by using the numerical

place roughly.

Reference(s)
ANALYSIS OF LINEAR NETWORKS AND SYSTEMS, by Shu-Park Chan, et al., vAddlson-Wesley Co..

'

And other various books for Controls and Systems.

This program has been venfied only with respect to the numerical exampie given in Program Description Ii. User accepls and uses this program material AT HIS OWN RISK, in rekance solely upon his own
nspection of the program material and without rekance upon any or the program material.

NEITHER HP NOR THE CONTRIBUTOR MAKES ANY EXPRESS OR IMPLIED WARRANTY OF ANY KIND WITH REGARD TO THIS PROGRAM MATERIAL. INCLUDING, BUT NOT LIMITED TO, THE
IMPLIED WARRANTIES OF MERCHANTABILITY AND FITNESS FOR A PARTICULAR PURPOSE. NEITHER HP NOR THE CONTRIBUTOR SHALL BE LIABLE FOR INCIDENTAL OR CONSEQUENTIAL
DAMAGES IN CONNECTION WITH OR ARISING OUT OF THE FURNISHING, USE OR PERFORMANCE OF THIS PROGRAM MATERIAL.
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00869C
TO OUR CUSTOMERS:

_The following information was supplied by our reviewer for your use
with this program. The comments are intended to be helpful in avoiding
any complications that may' inadvertently arise.

" THE HEWLETT PACKARD USERS' LIBRARY STAFF

This program does not initialize (clear) flags 00 - 03.
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Sample Problem (Sketch if Desired)

forms, KRpp=Re.,Im..

Example 1: F(S)= 82_5 1 =_Ki1 5t __LZ_. + K13 4+ K23
(5+1)°(s+2) (S+1) (S+1)? S+1 S+2
Find Ky , Kyo , Kj3 and Ky; .
Example 2;:  F(S)= S(giiggifla) s s+1§§12 + s+1l-(;12
Find Ky; , Ky; and K3; .
NOTE:  The coefficients of complex-conjugate poles are expressed in the rectangular

SOLUTION:
Input i Function Display Comments
% Insert two memjory modules & lodd program. Clear alll the flags in ANNUNCIATOR.
Example 1: (XEQ)PF N:DENAPOLES=?  [Prompting N & P of F(S).
p 4 (ENTERY) 4.0000 ltnput N, the order of denominator.
~ 2 (R/S). SET SIZE 42 |Input P, the number of poles. . ..
(XEQ)SIZE042 (R/S)| P1=RetIm? y Promptlng pole#l in complex form.
-1 (ENTER*) -1.0000 _ _.jInput_the real part of pole #l. .
0 (R/S) Mi=? |Input the imaginary part of pole#l
3. dw/s). | P2=RetIm? Input the mult:l.pllc:.ty of pole#l.
-2 (ENTER4) -2.0000 Input pole #2. o
0 (R/S) M2=2
1 (R/S) DEG, OF NUM.=? _  [Prompting the order of numerator.
2 (Rfs) a2=? _ {Input the order & prompting of a.
1 (R/S) al=? Input the numerator coefficients.
0 (R/S) a0=? .
1 (R/S) K1,1=2.000 The solutionsware displayed.
(R/S) .. . K1,2=-4.000
U _|(R/S) , Kl 3=5.000 . e
. JCR/S) 2,1=-5.000 | NOTE: If you want to calculate
Example 2: EXEQ)PF) 1;‘ ggg*?QLES =? another PF for F(S) with
3 ENTER4 the same denominator poly-
3 (R/S) . SET SIZE AS — nomial,-then press (R/S),
R (XEQ)SIZE045(R/S) Pl=RetIm? input -another numerator
- g - ggg?&) 31990 -~coefficients as prompt, and
1 (R/S) P2=RetIm? ‘so forth.
-1 (ENTER*t) ~1.000
2 (R/S) M2=?
1 ER/S) .. P3=RetIm?
-1 | (ENTERY) -1.000
) L2 (R/S) M3=? o
~ ) 1 (R/S) DEG. OF NUM.=?
2 (R/S) a2=? "
. al=?
3 &~ o
1 (R/S) K1,1=0.200 {continuation)
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(CONTINUATION PAGE) S
INPUT FUNCTION DISPLAY COMMENTS
) (R/S) KR2,1=0.400,0.450 ; the solutions of complex. conjug-]
(R/S) . KR3,1=0.400,-0.450; ate poles.are.displayed. in . the...]

complex-rectangular. forms, ... S —

KRnm=(real part), (imaginary part)
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N SIZE:
(HP-41C) *x*
STEP INSTRUCTIONS INPUT FUNCTION DISPLAY
la | Insert memory modules or quad-memory. N T .
1b | Load program and initialize by clearing
all the flags in the ANNUNCIATOR.
lc | Execute the program. . (XEQ) PF _ N:DEN.4POLES=?
2 Input the order of denominator of F(S) | N (ENTER%).
and the number of poles, P. P (R/S) SET SIZE nnn
'3 | Set size and continue - (XEQ) SIZE_nnn R
(#%% SIZE= 30+4P+N ) (R/S) . [Pl=RetIm?
4 Input the poles of F(S) in complex form _I}e(Pl) (ENTERt)
and_the multiplicity of each pole in | Im(Pl) | (R/S) M1=?
the sequential manner appeared in denom- ML | (R/S) _|P2=RetIm? ]
\,\ inator. '1' must be input for those mult{ Re(P2) | (ENTERt)
iplicity of simple poles. And Mj < 4. Im(P2) |(R/S) M2=?
5 |Repeat step #4 until all the poles of ) o
F(S) have been keyed in. Mn (R/"S)M DEG. OF NUM.=?7
6 |Input the degree of numerator of F(S). K (R/S) ag=?
7 |Key in the coefficients of numerator. ax (R/S) ak__—lf-_?
Zero must be input for the coefficients | ®k-1 (R/S) A7t
which are zero. k ~ vvvvvv
......... Repeat until display asks for 0. . N
S L |ws) 20
8a | Input coefficient 20 and press (R/S) to 29 (R/S) K1,1=?
yyyyy see successive solutions labeled aptly. .
. In the multiple-pole case, the coeffi-
N cients are shown in the order from high
degree term to low degree term of the
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SIZE: -
(HP-41C)
STEP INSTRUCTIONS INPUT FUNCTION DISPLAY
pole. '
8b | For the complex-conjugate poles, the
solutions are given in the rectangular
forms. ®/8) KB, p=Re,Im
~9a | To calculate another set of the coeffi-
cients in the partial fraction expansion
of a rational function with the same B )
denominator polynomial, press (R/S) and (R/S) DEG',QF NUM‘é?
and go to step #6. K (R/S) a=?

9b | For a new case, go to step #1.
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067 Q97 84a1C
STEP/ KEY CODE STEP/ KEY CODE
LINE  KEY ENTRY  (67/97 only) COMMENTS LINE KEY ENTRY  (67/97 only) COMMENTS

BI+«LCELC “FF -~ ; 47 RCL &5
82 CF 29 ‘ Wy 48 +
83 ~H:DEHW. T|Input N and P. n 49 STO 196 Store the index for

POLES="7" : ) 58 RCL 85 Xoi!, the original Xil.
B84 PROMPT ! i 51 +
B5«LBL 94 Caltulation of the SIZE, 52 STO 11 Store the index(Mi).
86 ENTER®T i S3eLEL 12
87 SF 25 i 54 - P-
6s 4 STZE=30+4P+N ! 55 FIX ©
89 * ! 56 ARCL @& ;
18 RT , 57 FIX 4 f
11 + | 58 "F=RetTIM|rnput & store pi.
12 29 ] s
13 + o 52 PROMPT
14 STO IHD ! 68 STO IND

b Do les
15 Fs?C 25 B 61 KLY
16 GTO aa ! 62 STO IND
17 1 i asg
18 + | 63 STO IND
19 FIX B : 18
28 "SET SIZ 1 64 " M-~

E = i 65 FIX 9
21 ARCL ¥ i 66 ARCL @&
22 PROMPT 67 FIX 4
23 RIH J 68 “F=72-
24 GTO 84 69 PROMFT
25«LEBL @a 78 STO IND
26 RDH 11
27 STO a4 Stoke P. 71 4 Increment & loop in-
283 1 E-5 A fpr double-pole 72 ST+ as dex! for pole, Pi.
29 S7T0 17 73 ST+ 89
36 1 E—4 A fpr triple-pole 74 ST+ 1@
31 STO 18 75 ST+ 11
32 1 E-3 A fpr quad-pole 76 ISG 66
32 STO 19 77 GTO 12
34 RCL B4 78+LEL 2a |
gg ’r EEHBEG. OF ! rnput & store k, the

-7 order .

37 STO as Stofe 1.00P,index for A 88 PROMPT r of mumerator
38 + 81 STQO a3
32 _STQ 29 82 RCL 85 |
48 STO 846 Stoge the index for . = 83 + i
41 3@ Xi,| the real part of Pi. 84 STO 86 Store index for 4k.
42 STO B2 85 RCL @4 !
42 STO 68 86 4
44 RCL 85 87 *
45 + b 83 RCL @z
46 _SI0_ 69 Store the index for Yi. g9 +

Note: Refer to “HP-41C OWNER'S HANDBOOK AND PROGRAMMING GUIDE ™ for specihc information on keystrokes. The Function index ¢ found at the very back of the Handbook. Reler 10 Appendix € in
67 or 97 "OWNER'S HANDBOOK AND PROGRAMMING GUIDE" for exact keystrokes.
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Oe7 097 KaiC
TINE  KEYENTRY (67157 omiw CoMMENTS TRE KEVENTRY (7S7ony)  COMMENTS
98 STO @8 - 134 STO 26 '
91<«LBL B8 135 RCL @5 |store index for F(Pi).
92 * a- 136 +
93 FIX © 137 STO 21
94 RCL B8¢é 138«LBL 17
95 RCL @5 139 RCL 29
296 - 148 STO @7 |store! the indices for
97 ARCL ¥ 141 RCL 835 |the pple, Pj.
98 “F=2- 142 STO 15
99 PROMPT 143 CLX
188 STO IND|Input & store k. i44 STO 16
a0 145 RCL @82
146 STO 12
! 147 RCL @5
181 RCL @S I ' 148 +
182 ST+ B0 ; 149 STO 13
183 DSE 86 ; 158 RCL @S
164 GTO ©s ! 151 ST+ ¥
1865 RCL B2 | 152 +
186 STO 88 |gi5re the indices for 153 STO 14
187 RCL O35 |.pe ﬁole data. 154¢LBL B85 |start|of the computa-
188 + i 153 RCL B85 |tion;|F(pPi)=N(Pi)/D(Pi
189 STO 89 156 RCL 87 \yhere|N(pi) & D(Pi) art
118 RCL ©5 157 X=¥? the nymerator part & ¢
111 + 158 GTO @@ \|iho gbnominator part
112 STO 16 153 RCL IND(,r pepi), respectively
113 RCL @5 a9
114 + 166 X=a? L
115 STO 11 161 SF 83 Set flag 03 for complex
116 RCL 29 162 RCL IND pole case.
117 STO A& 13
118«LEL 16 163 -
119 RCL IND 164 RCL IND Complex computation of
11 8s D(Pi).
128 RCL 85 165 RCL IHND
121 X=¥7? |12
122 SF @81 Set flag 01 for simple 166 —
123 - pole‘case. 167 DEG
124 RCL 19 168 R-P
125 = 169 RCL IHND
126 RCL @5 14
127 + 178 ¥Y1X
128 STO @1 |Store index for the loop |171 X< >Y
129 RCL IND|of pole, Pi. 172 RCL IND
11 | 14
136 15 173 *
131 + 174 RCL 18
132 STO 28 |Store index for A. 175 RCL 15
133 22 : 176 ST+ T

Note: Refer to "HP-41C OWNER'S HANDBOOK AND PROGRAMMING GUIDE" for specific information on keystrokes. The Function index 1s found at the wvery back of the Handbook. Réfer to Appendix E in

67 or 97 "OWNER'S HANDBOOK AND PROGRAMMING GUIDE" for exact keystrokes.
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Oe67 0O97 ®41IC.

N STEP/ KEY CODE STEP/ KEY CODE
LINE KEY ENTRY  (67/97 only) COMMENTS LINE  KEYENTRY  (67/97 only) COMMENTS

177 RDH 228 RCL 13
178 + 221 *
179 STO 16 | Store D(Pi). 222 -
188 X{>Y 223 RCL B85
181 STO 15 224 ST+ @Ga
182«LEBL Q86 223 CL¥
183 4 226 RCL IHD
184 ST+ 12 ae
185 ST+ 132 | rncrement of loop index | €27 +*
186 ST+ 14 for D(Pi). 228 1ISG a7
187 ISG a7 229 GTO 11
138 GTO 83 Z236¢LBL 98
189 RCL 83 |start computation of n(pi) 231 R—-F
198 X=87 232 RCL 15
191 SF B8 233 RCL 16
192 RCL 19 34 ST- T Compute & store F(Pi).
193 =* 235 RDH ¢
194 RCL @65 236 -
195 + 237 P-R
196 STO 87 |Store loop index for N(pi} 238 STO 135
197 RCL 94 232 XL{>Y
198 4 246 STO 16
199 *x 241 KL2>Y

) 28686 RCL 82 242 FS?7C ez

\,‘ 243 RTH Return if multiple
2494 FS?C a1 r pole,

281 + 245 GTO 606 !
202 STQ 8@ |store index for ay. 246+LBL 135 | complite derivatives of
202 8 247 SF 88 F(S).
284 RCL IND| . 248 KE® B8 | pispilay output.
(=]] : 249 RCL IHND
265 FS?C @a ’ 28
286 GTO B89 |skip if k=0. 258 ST+ IND|giord pi=pisp
287+LBL 11 ag -
288 STO 12 251 RCL 15
289 RCL IND 252 STO IHND
ag 28
219 * 253 RCL 16
211 X{>Y 254 STO IHD
212 STO 13 i 21
213 RCL IND bt ; 255 SF ez
as Compu!tat.zon of N(Pi). 256 MEQ@ 17
gi; I gg? RCL IHD Compute the coeffi-
216 RCL 1IND 558 RCL @1 |cients of PF for multif
es 259 INT p;e pole case.
217 RCL 12 268 STO 606 :
218 =* 261 *
219 RCL IHND 262 -
a9

Note: Refer 10 "HP-41C OWNER'S HANDBOOK AND PROGR/-MMING GUIDE" for specific information on keystrokes. The Function index 1§ found at the very back of the Handbook. Reter 10 Appendix E in
67 or 97 "OWNER'S HANDBOOK AND PROGRAMMING GUIDE" for exact keystrokes.
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Note: Refer to "HP-41C OWNER'S HANDBOOK AND PROGRAMMING GUIDE" for specific aformation on keystrokes. The Function Index is found at the very back of the Handbook. Refer to Appendix E in

Page g of
Oe7 097 Kai1C
STEP/ KEY CODE STEP/ KEY CODE
LINE  KEY ENTRY  (67/97 only) COMMENTS LINE KEYENTRY  (67/97 only) COMMENTS
263 BRI 7Y | P
264 RCL IHND ggg gT+ as Incri}ment o: J.nclhczst
21 87 ST+ @9 for ize next pole data,
265 RCL @8 282 ST+ 16 |
266 * 389 ST+ 11 6
267 - 10 ISG @6 |
268 X<V 311 GTO 16 ‘
269 XER IND 312 GTOD 28 | Jump i::o compute a F(S).
61 3213+LBL 91
278 R-P 314 RTH !
: ggi RCL IHND 315«LBL 82| pifference calculation
216 RCL 22 triple- .
572 RCL 88 317 =+ for triple-pole
273 Y1TX 318 AH<OY
274 RCL 88 319 RCL 23 [
275 FACT 228 + :
276 * 321 XY
27¢ « 222 RTH
g;g Z—R ggi*;gt gi Difference calculation
280 ST+ 28 325 ROL @e for quad-pole.
281 ST+ 21 3226 *
. 282 RDH 327 +
i 283 ISG @1 I28 XIOY
284 GTO 15 329 RCL 25
285+«LEBL 6Ga 3368 RCL B8
286 FIX @ =31 =*
287 “K= 332 +
288 FS? 83 Display of solution, 333 HK{>Y
289 "KRE* 334 RCL 22
298 RARCL 86|k i pole case 335 -
291 “F.* KR=complex pole case, 336 XY {
292 ARCL 81 337 RCL 23 !
293 FIX 3 338 - :
294 “p== 339 XY
295 ARCL X 348 END !
296 FS? 83
297 "F," i
298 FS?C B3 ,
299 RARCL ¥ |
368 PROMPT i i
{ i
i [
381 FS?C @0 |
382 RTH L -
3683 RCL IND : i
10 ! i ;
384 STO IND [ :
88 : 00 !

67 or 97 "OWNER'S HANDBOOK AND PROGRAMMING GUIDE" for exact keystrokes.

11
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REGISTERS, STATUS, FLAGS, ASSIGNMENTS

11

DATA REGISTERS

STATUS

00 " Scratch i
i1+(Mn—1)/103,1ndex

130

_ K;degree of numer

sIze30+4P+N TOT. REG109+H4P+N
ENG ...

DEG X

USER MODE
FIX X_... sCl . ON OFF
RAD ... GRAD ...

| P;number of poles

05 1

R

i;index

INIT
# S/C

FLAGS

SET INDICATES CLEAR INDICATES

j;index

X1 index of Re(Pi) |
' Yijindex of Im(Pi

10 | Xoijoriginal Xi
Mi;multi. index

Xjs;index of Re(Pj)

Yj;index of Im(Pj)

00 _ c‘

01 :
02 C

295 ¢C

XEQ of single pole
. Compute F(Pi) :
03 C. ..

' 25:C  Ignore error

K=0, or output

Input of complexvpole

; No deéiﬁal poihf.

iMjsmulti. index

...... SN

15 " scratch .

w4 Scratch .

1 E-6

1 E-4

1 E-3

20  Index

Index

RerF(Pi)} .
Im[F(Pi)

ReEF(P1+A)} e
25 [ Im[F(Pi+A)

B ReEF(P1+2A)}

Im{ F(Pi+2A)

'Mi+15;index for Al

1471000

30 | [Beginning of in-_

<Jesesensccde

ASSIGNMENTS

FUNCTION KEY

FUNCTION KEY




KEYBOARD Page 11o0f11
CARD LABELING

=T=]=F=l=
=T=ySya
_J=I=f=T=
FEAaaa

KEYBOARD

®. M E W LET T P ACKARD 4a1C

SYSTEM
CONFIGURATION "MEMORY | 2MODULE

3 14

{1 PARTIAL FRACTION EXPANSION Z’

GARD 1 2"pr (multiplicity up o b) 79-340
(]
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ROW 25 (179 : 187)
ROW 35 (270 : 280)
ROW 36 (281 :287)
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