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Program Title Non-Linear Curve Fit Using Simplex Function Minimization

Kenneth Bﬁtterfield
Contributor’'s Name

Address 2020 23rd Street, Apt. C

City Los Alamos State/Country New Mexico Zip Code 87544

=~ the experimental data. This is accomplished using the simplex function minimization

This program is used to fit a set of experimental data to an arbitrary user
supplied function. The function used can be nonlinear, and have up to three free
parameters (variables). The program will prompt the user for all required data.

The experimental data is stored in (x,y) pairs. Initial values (guesses), and step
sizes for the free parameters are also required. The better the initial guess the -

quicker the program will reach a good fit.
The method used performs a least squared error fit of the theoretical curve to

of Nelder and Mead (ref 1). The function that is minimized is the square root of
the sum of the errors at each data point. The simplex method is used because it is
relatively fast at converging toward a minimum even when the initial guess for the

free parameters is not very good. Many other data fitting methods can have problems

finding
gg&n regh

store the simplex, where N is the number of free parameters.

the minimum. The

.y‘N+1 array to

Necessary Accessorles At Teast two extra memory modules (with program separation).

Operating Limits and Warnings The more memory, the better.

Reference(s) A_Simplex Method for Function Minimiz_ation"
J.A. Nelder and R. Mead

Comput. J. vol. 7, 308 (1965)
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This program requires a large amount of memory for data and program storage. A
large part of the memory is used to support gemerality. Both the number of data ’
points, and the size of the simplex can vary in size. In fact, one third of the i
program does nothing more then initialize the data structure, and prompt for input.
These sections of the program could be loaded and ran separately from the main

program loop to allow more memory space for data storage.

Another resource the program uses freely is time. One pass through the main -
loop may take several seconds. 1In order to calculate the sum of the squared errors,
the theoretical function must be evaluated at each of the data points. This must be
done an average of two or three times per pass. For a function with three free
parameters it may take 150-200 evaluations to reach a minimum.

Note: For many problems the program will reach the region of the minimum
quickly (20 iterations), and then take many more iterations to zero in on the final
result. Therefore the program is written to display the latest calculated value for

the RMS error. The user can monitor this value to determine how the program is

doing.

gy -

searﬁhing Yegion o n nce such a region is féﬁndbtﬁe value
displaved will more or less continually decrease until the reqﬁired errror is
reached. It is possible, however, to have theoreticai functions that are either
very slow in converging, or that can "fool’ the program into finding a “local’
minimum. For example of such functions see reference one. The user should be aware
that the program can find spurious results. There is no guarantee that the best
miﬂimum has been found. One method of checking the results is to start the prdgram
with a different set of initial values for the free parameters. Approximately the

same final values should be found for a "good’ minimum. Another good check is to

plot the experimental and theoretical data on the same graph.
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DATA STRUCTURE

A simplex is a set of N+l points in an N dimensional space. For example, one
free parameter has a simplex composed of two points. Each point is a value of the
free parameter and the value of the RMS error for that parameter.

pi =}{vi RMS error

Pi parameter value
the simplex for one free parameter is

s =\|p0j = VO PO
pl vl Pl

The geometric representation for this simplex is a line segment.

For two free parameters there will be three points, and the gecometric

For three free parameters the simplex is

s =[po] = [vo por P02 P03
pll vl Pll P12 P13
p2 V2 P21 P22 P23
p3 V3 P31 P32 P33

Graphically, this is a tetrahedron in a three dimensional space.
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START

INITIALIZE
DATA STRUCTURE
POINTERS FOR
N+1 by N+
ARRAY

LOAD
EXPERIMENTAL
DATA AND
FUNCTION NAME

GET INITIAL
VALUES FOR
SIMPLEX ARRAY

(parameﬁer valueeo)

by LBL 80

MAX
ITERATIONS

REQUIRED
ERROR
?

‘Faae. “‘ O'P /y

F16.1 — BLOCK DIAGRAM

LBL “SP’ Set up N+1 by N+1 array where N

LBL

LBL

1L.SQ’

4 Isl

is the number of variables to
ba detarmined.

Load paire of exparimental (x,y)

data pointe and the name of the
fitting funotion.

Gat initial valuae & step sizae
for the N parametere. The firet
peint is just the initial values
and each point there after hae
one variable ohanged by ite etep
eize. Thie gives N+1 different
peinte for the eimplex.

ITERATE
SIMPLEX

"FIN’

DISPLAY
‘BEST’ VALUES
OF PARAMETERS

INCREASE MAX
ITERATIONS

OR
TIGHTEN REQUIRED
ERROR




oy wof - @nything. This feature makes it possible to restart ‘SIMP’ either to check the data
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PROGRAM FLOW

A block diagram for the overall program flow is given in figure one. The first
step in the program is to define the data poiﬁters used in addressing the (N+1) by
(N+1) simplex, and the (x,y) data pairs of the experimental data array. This is
done in the routine "SP’ (Set Pointers). The program will prompt for N, the number
of free parameters. This value is used to determine the size of the simplex. ’SP’
then calculates the various pointers, offsets, and constants needed by the main

program. This data resides in the first 25 data registers.

The next step is to input the experimental data (routine ‘LSQ’). the program -
will prompt for the number of data points and for each of the x and y values of the
data. The present value stored will be displayed as part of the prompt. If this

value is correct, pressing R/S will keep the value without having to re-enter

or to change selected values.

The last initialization is done in routine ‘1S’ (Initialize Simplex). The

program prompts for the initial values and the step sizes of the free parameters.

in the simplex

For three parameters, the initial simplex has the form

s = [v0 1 V2 w3 |
vVl IVI+SSI  IV2 3
v2 IVl - IV2+8S2  IV3
V3 V1 V2 IV3+SS3

i The main loop of the program starts at ‘LBL 80’. An expanded flow chart for
: the main loop is given in figure two. .The main goal of the algorithm is to use the
present points in the simplex to find a.direction to move. A point is calculated

; along this direction. The point is evaluated and copied into the simplex if it is

better then the worst value presently in the simplex.
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3 TEON I Page b i

For example, in two dimensions a simplex is a triangle.
determine the high and low points (PH,PL), and form a new pein

across the center of mass (PBAR) of the remaining points.

The program will o
t P* by reflecting PH

Another point P#x will be
calculated in this same direction. Its position will depend u

If P* is lower then PH, P** will be further along,
closer in. Which ever of P*

pon the success of px*.
otherwise P** will be stepped |

or P** is the lowest will be compared to.PH, and if it

is an impprovement copied into the simplex. Should it turn out that neither P* por

the whole simplex is contracted toward PL. The main

advantage of this method is that the largest possible step in an intelligent
direction is taken.

P** is better then PH,

Thus the method moves rapidly toward better function values.
The shape of the simplex adapts itself to the local terrain,

searching for the region

enlarging while
of the minimum, and elongating when entering narrow

Tl DIMEMSIONAL SIMPLER =3 -+

[

gei e d . Dy g
2 Determine h, csiculate
Porm P¥= (1%¢)P - o Py
Calculate y%

[ * } Beta Branch ‘ 1 1 \—1 >; ? lNo
iey® <y, 7 Wo %Iisy' >yﬁ'1)‘h'-’] Yes >|is y* h |

Yes Replace P, by P*
Y No ; 1 h
T Gamma Branch
"t s (4P P - . Porn P'* = pP,+(1-p)P
Form P s (1w - :
it Calculate y** .
Calculate y
R . is y** > In ? Yes
ie ¥yt <yy 7 No
No Replace all Py's
Y .
T by (B, + B})/2
se e P° Replace P bty P**
Replace P, by P’ ?.cpla%e P by P o€ P
L .
K2 3

— ) 3
Has minimua been

4
n
4
<

reached ?

No

Fi2. 2 - Flow Oizaram. Maim Loap
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Page 7 of /§
Sample Problem (Skeich if Desired)
Fit F(x) 1o the data given L ~r T T T ~
[]
) 4 ’
F(x)=Riexpi{-BXx1+C - h #o¢ DRTH
Initial values K o % Initial waluyes
=78 Ik |
E =287 kN = * Final walues
o= 0.4 - N
Final wvaluss Aﬁﬁwﬂ
- f*“"-H-__H_-: Ve v YV
Bo= 491 c A
g2 = a8 433
C = 2. 84 1t .
H N L--“. el BT L t
: 2 4 3 2 1g 12 14 14
; — . e i

SAMPLE PROBLEM

Fit the data listed below to the expression A*exp(-B*X)+C.

is non-linear, and can not be linearized by taking logarithms.

have come from an experiment, with an unknown background level.

This expression
The data could

The program was

— >4

— — WO 00 NN U W
W
.
o0
N

o — — —
w =~ w (S8 — O
[ [N

Initial values were

vall = 7 step = .1 = A
val2 = .7 step = .1 =B
val3 = 0 step = 3. = C ‘ '

Final values were

vall = 4.91
val2 = .493
"~ val3 = 2.00
Time to run was 55 minutes

It took 113 evaluations.
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Step One

C ;,
PROGRAM DESCRIPTION II

Enter function into calculator.

on input x register contains value to evaluate

on output x register contains function value

REG
REG
REG

LBL
RCL

CHS
*

Et¥

RCL
+
RTN

SteE Two

display
A 3

N?

NAME?
DATA N
FRR

MAX EVAL
X1.::0.00
Y!1::0.00
X2::0.00
¥2::0.00
X3::0.00
¥3::0.00
X4::0.00
¥4::0.00
X5::0.00
Y5::0.00

01
02
03

"EX
02

01

Run

vall = A
val2 = B
val3 =

program

3 R/S
EX R/S
15 B/S
.001 R/S
100 R/S
1 R/S
5 R/S
2 R/S
3.82 R/S
3 R/S
3.14 R/S
4 R/S
2.67 R/S
5 R/S
2.41 R/S

(calculator display is underlined)

number of free parameters

name of function to fit to

number of data points

required error (difference in value vh-vl)
maximum tries at fitting data before stopping

data entry

Page 8 of /{
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X6
Y6::0.00
X7::0.00
Y7::0.00
X8::0.00
¥8::0.00
X9::0.00
Y¥9::0.00
X10::0.00
Y10::0.00
X11::0.00
Yi1::0.00
X12::0.00
Y¥12::0.00
X13::0.00
Y13::0.00
X14::0.00
Y14::0.00
X15

::0.00

::0.00

PROGRAM DESCRIPTION II

6 R/S
2.25 R/S
7 R/S
2.15 R/S
8 R/S
2.09 R/S
9 R/S
2.05 R/S
10 R/S
2.03 R/S
11 R/S
2.02 R/S
12 R/S
2.01 R/S
13 R/S
2.01 R/S
14 R/S
2.00 R/S

If data editing is wanted stop input before entering the free parameters and

restart the program.

*%% END OF INPUT *%%*

entered earlier. If the value is correct R/S will re-enter that value.

change is needed, enter the new value and then R/S.

verifyv data and doesn’t add very much complexity to the program.

This time, the values for the data points are the values

This is a good way to

Page 9 of

/4
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Step Three Improvement of result

After displaying 100 values representing the value of the RMS error at each
iteration the program beeps and displays ‘DONE’. It should be noted that flag 2
is set indicating that the maximum number of iterations has been reached.

Entering R/S will allow viewing the best point to data.

DONE R/S

P0.::.02947 R/S RMS error of fit at this point

P1.::4.90975 R/S vall = A

P2.::.49163 R/S val2 = B \
P3.::1.99480 R/S val3 = C

MAX=200 the last R/S forced an improvement

Since the program had counted out,
more evaluations were allowed.
The program is again searching

for the minimum RMS error.

After 13 more evaluations the program again stops.

This time flag 2 is not

iR cd. To view

DOXE R/S
P0O.::.02943 R/S this has not changed much
P1.::4.91623 R/S
P2.::.4925 R/S

P3.::1.99484

~

At this point if R/S is entered the program will divide the required error
by 100 and continue searching. Since it appears that we have a good minimum it

is time to stop. The total time to solve the problem was 55 minutes.
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Calculator Requirements

This problem required 200 registers to run. There were 50 registers for
the simplex, 2%¥15=30 registers for the data, and 120 registers for the program.
For machines without this much memory the routines ’“SP’, ‘LSQ’, and ‘IS’ can be
loaded into memory separately from ‘SIMP’. Run each routine (in the above
order), and then load ‘SIMP’ into the same memory space. The first few lines of

"SIMP’ will need to be modified to remove the calls to the missing routines.

Program Modifications

There are several possible modifications that may improve the program in
“Tcertain problems. For the sample problem the x data values were consecutive
integers and didn’t really need to be stored. For other problems a different
type of fit may be required, such as a chi squared minimization. In another
type of problem the minimum value of an analytic function may be needed. To

facilitate changes of these natures I have listed the routines and registers

Routines
LSQ LSQ defines the data storage structure
RMS RMS uses the data stored by LSQ and calls the user function.
It also calculates the sum of the squared errors.
Registers
24 “rms’ contains name of function to minimize
25 ‘user name’contains name of function to fit to
5,6,7 available for counters, ect
9 start of data offset
10 data counter, used to initialize loops
21 required error T
22 maximum allowed iterations

0,1,2,3 point evaluated by ‘RMST 0 is used to return the value.



ana( |
01333  USER INSTRUCTIONS oo 2 o 13|

STEP INSTRUCTIONS

1
Adjust the number of data registers to allow for storage of the simplex, and
the experimental data. See the registers and status section to determine this
size.

2 R
Enter the program from cards, or by the light wand.

3

Enter the function to be used in the data fit. This function should get its
argument from the x register, and return its value in the x register. The
values for the free parameters should be obtained from registers 1, 2, and 3

(see sample problem)

Run the program. It will prompt for all required data (see sample problem).

When the program stops it will display the RMS error, and thé free parameters
one at a time. At this point the option exists to try to improve the result.

This is done by simply continuing the program (see sample problem).
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REGISTERS, STATUS, FLAGS, ASSIGNMENTS

PROGRAM STORAGE

The program uses 120 registers when packed, and 123 registers when loaded by
the light wand. This can be reduced by dividing the program into two parts. The
first part initializes the data structure, and is then removed. Then the main
program is loaded to find the fit. Aditional program space is needed to store the
theoretical funtion used in the least squares data fit.

DATA STORAGE

ol
FLAG USED flag 02 set indicates maximum number of iterations
has been reached
clear indicates required error has been reached
flag is valid only at program end.
REGISTER USE STORAGE

ONE DIM TWO DIM THREE DIM

2 temporary point

3

4 N  number of free params.

5 I temporary counters

6 J

7 X

8 L

9 Data offset 34 41 50

10 Data init

11 Iinit 26.029 26.034 26.041
12 Jinitl 1.001 1.001 1.001
13 Jinit2 v .001 .002 .003
14 temp A

15 temp B

16 PL pointer to “best’ point

17 PH pointer to ‘worst’ point

18 P* pointer 30.031 35.037 42.045
19 .001 .001 .001 .001
20 PBAR pointer 32.033 38.040 46.049
21 required error

22 maximum iterations

23 simplex offset 26 26 26

24 type of fit RMS RMS RMS

25 function name
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REGISTERS, STATUS, FLAGS, ASSIGNMENTS

REGISTER USE STORAGE
ONE DIM TWO DIM  THREE DIM

SIMPLEX STORAGE

26 Vo Vo Vo
PO POl POl
V1 P02 P02
Pl 2t P03
V= P11 V1
P* P12 P11
VBAR V2 P12
33 PBAR P21 P13
P22 V2
v* P21
P*1 P22
P*2 P23
VBAR V3
PBARI P31
40 PBAR2 P32
P33

PBAR2

49 PBAR3
DATA POINTS
34 OR 41 OR 50
X1 X1 X1
Yl Yl Y1
X2 X2 X2
- Y2 Y2 Y2
XM kﬁ XM



NON LINEAR CURVE FIT USING USERS’ LIBRARY PAGE 1
SIMPLEX FUNCTION MINIMIZATION PROGRAM NUMBER: 01333C OF 4

PROGRAM REGISTERS NEEDED: 120

ROW 1 (1:3)
ROW 2 (3:7) Im
ROW 3 (7: 11)
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NON LINEAR CURVE FIT USING
SIMPLEX FUNCTION MINIMIZATION

ROW 19 (117 : 125)

ROW 20 (126 :

1 223)

1 234)

USERS’ LIBRARY
PROGRAM NUMBER: 01333C

PAGE 2
OF 4



NON LINEAR CURVE FIT USING USERS’ LIBRARY PAGE 3
SIMPLEX FUNCTION MINIMIZATION PROGRAM NUMBER: 01333C OF 4

ROW 37 (252 : 258)




NON LINEAR CURVE FIT USING USERS’ LIBRARY PAGE 4
SIMPLEX FUNCTION MINIMIZATION PROGRAM NUMBER: 01333C OF 4

ROW 55 (382 : 389)




